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Abstract— This paper considers gain-scheduling of very
strictly passive (VSP) subcontrollers using scheduling matri-
ces. The use of scheduling matrices, over scalar scheduling
signals, realizes greater design freedom, which in turn can
improve closed-loop performance. The form and properties of
the scheduling matrices such that the overall gain-scheduled
controller is VSP are explicitly discussed. The proposed gain-
scheduled VSP controller is used to control a rigid two-link
robot subject to model uncertainty where robust input-output
stability is assured via the passivity theorem. Numerical sim-
ulation results highlight the greater design freedom, resulting
in improved performance, when scheduling matrices are used
over scalar scheduled signals.

Index Terms— Gain-scheduling, very strictly passive (VSP),
strictly positive real (SPR), passivity-based control.

I. INTRODUCTION

Input-output stability theorems, such as the passivity, small
gain, and conic sector theorems, have been widely used to
analyze and guarantee the L2-stability of feedback inter-
connections. The passivity theorem ensures closed-loop L2-
stability of a passive system connected in a negative feedback
interconnection with a very strictly passive (VSP) system [1].
The systems within the feedback loop are permitted to be
time-varying or nonlinear. Moreover, precise knowledge of
the system parameters is not required so long as the systems
remain passive and VSP, respectively, in the face of model
uncertainty.

There are many well established linear control design
methods available, such as H2 and H∞ optimal control [2].
As such, when controlling a nonlinear system, often linear
controllers are designed using a linearized model of the
system about a linearization point. However, the linearized
model may not capture the full dynamics of the system
across a wide range of operating conditions. As a result, a
controller synthesized about one linearization point may not
realize adequate closed-loop performance across the same
wide range of operating conditions. Gain-scheduled control
is a nonlinear control technique where a set of subcon-
trollers are designed about multiple linearization points, and
are gain-scheduled in such a way that realizes acceptable
performance. More recently, the stability of gain-scheduled
controllers has been studied using passivity, conicity, and
dissipativity theory. In [3, 4], a gain-scheduled controller
composed of strictly positive real (SPR) subcontrollers is
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shown to be input strictly passive (ISP) [3] and VSP [4]
provided the gain-scheduling architecture is of a specific
form. An alternative passivity-based gain-scheduling archi-
tecture accounting for actuator saturation is presented in
[5]. Gain-scheduling VSP controllers with affine dependence
on plant parameters is presented in [6]. Gain-scheduling
conic systems, and relying on the conic sector theorem to
ensure L2-stability of the closed-loop system, is considered
in [7]. In [8], QSR-dissipative properties of non-square QSR-
dissipative systems are shown to be preserved under the same
gain-scheduling architecture of [3, 4].

The gain-scheduling techniques in [3–9] all consider
scalar scheduling signals. In [10], the notion of extended
passive systems was shown using a row of scalar schedul-
ing signals. Scalar scheduling signals affect the entire
input-output map of the subcontrollers. When controlling a
multiple-input multiple-output (MIMO) system, each control
variable may require different gain scheduling to ensure
acceptable performance. Additionally, it might be natural to
gain-schedule based on two or more independent exogenous
variables. This motivates the use of scheduling matrices that
effectively introduce more scheduling parameters to allow for
additional flexibility in the scheduling of the subcontrollers.
The novel contribution of this work is to extend the gain-
scheduling theory in [3, 4] to the case of scheduling matrices.
To highlight the efficacy of matrix scheduling signals, the
control of a rigid two-link robot is considered. Linear VSP
controllers, which take the form of SPR transfer matrices, are
designed and gain-scheduled using the proposed scheduling
matrices, which is compared to the scalar scheduling ap-
proach of [3, 4]. The SPR subcontrollers are designed as per
[3, 11] using the solution to the linear quadratic regulator
(LQR) problem in concert with the Kalman-Yakubovich-
Popov (KYP) lemma [12].

The remainder of this paper is as follows. Notation
and preliminaries are discussed in Section II. The gain-
scheduling architecture is presented in Section III. Two novel
theorems related to the passivity properties of the gain-
scheduled system with scheduling matrices are discussed
in Section IV. A detailed application, complete with a
discussion of controller design, is presented in Section V,
followed by closing remarks in Section VI.

II. PRELIMINARIES

A. Notation

Scalars are denoted α ∈ R, matrices are denoted A ∈
Rn×m, and column matrices are denoted v ∈ Rn. Operators
are denoted by G, and sets are denoted by F . The maximum
eigenvalue and singular value of A are denoted as λmax(A)
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Fig. 1. Gain-scheduled controller Ḡ, composed of N parallel VSP
subcontrollers. The node ⊗ performs matrix multiplication between the
scheduling matrices Φi(ζ(t), x(t), t) and the signals uc(t) and yi(t)
resulting in (2). The positive constants αi are used to scale the gain.

and σmax(A), respectively. A positive definite matrix is
denoted as A ≻ 0. The notation diag(·) denotes a block
diagonal matrix containing its arguments. The identity and
zero matrices are 1 and 0, respectively.

B. Definitions

Definition 1 (Induced Matrix Norm [13, Section 2.7]):
Given the matrix A ∈ Rm×n, the matrix norm induced by a
vector p-norm is defined as ∥A∥p = supx ̸=0∥Ax∥p/∥x∥p. For
p = 2, it follows that ∥A∥2 =

√
λmax(ATA) = σmax(A).

Definition 2 (Truncated Signal [14, pp. 157–158]): For a
signal u : R≥0 → Rn, the truncated signal, uT , is defined as
uT (t) = u(t) for t ∈ [0, T ] and uT (t) = 0 for t > T ∈ R≥0.

Definition 3 (Truncated Inner Product [14, p. 204]): For
signals u, y : R≥0 → Rn, the truncated inner product is
defined as ⟨u, y⟩T = ⟨uT , yT ⟩ =

∫ T

0
uT(t)y(t) dt,∀T ∈ R≥0.

Definition 4 (Lp Signal Spaces [14, pp. 156–158]):
Given a piecewise continuous signal u : R≥0 → Rn, u ∈ L2e

if ∥u∥2T =
√
⟨u,u⟩T < ∞, ∀T ∈ R≥0. Additionally,

u ∈ L∞ if ∥u∥∞ = supt∈R≥0
maxi=1,...,n|ui(t)| < ∞.

Definition 5 (Very Strictly Passive (VSP) [14, p. 229]):
A square system with input u ∈ L2e and output y ∈ L2e

mapped through the operator G : L2e → L2e is VSP if there
exists constants β ∈ R≤0 and δ, ε ∈ R>0 such that

⟨u, y⟩T ≥ β + δ∥u∥22T + ε∥y∥22T , ∀u ∈ L2e, ∀T ∈ R≥0.

The system is passive if δ = ε = 0, input strictly passive
(ISP) if δ ∈ R>0 and ε = 0, and output strictly passive
(OSP) if ε ∈ R>0 and δ = 0 [14, pp. 227–228].

III. PROBLEM FORMULATION

A. Matrix-Gain-Scheduling Architecture

Consider the gain-scheduled controller, Ḡ, in Figure 1.
There are N VSP subcontrollers G1, G2, . . . ,GN of the form
yi(t) = (Giui)(t) satisfying Definition 5, meaning

⟨ui, yi⟩T ≥ βi + δi∥ui∥22T + εi∥yi∥22T , ∀T ∈ R≥0, (1)

for i ∈ N = {1, . . . , N} with βi ∈ R≤0 and δi, εi ∈ R>0.
The subcontrollers could be linear or nonlinear. The gain-
scheduled controller input-output map can be written in

terms of the individual subcontroller inputs, outputs, and
scheduling matrices as

ui(t) = Φi(ζ(t), x(t), t)uc(t), (2a)

yc(t) =
∑
i∈N

αiΦ
T
i (ζ(t), x(t), t)yi(t), (2b)

for uc, yc ∈ Rn, αi ∈ R>0, and Φi ∈ Rn×n for all
i ∈ N . The variable ζ(t) represents any external signal
convenient for scheduling, while x(t) is the states of the plant
under control. For simplicity, the notation Φi(ζ(t), x(t), t) is
abbreviated to Φi(t).

B. Scheduling Matrix Properties

Consider the set of scheduling matrices Φi(t) ∈ Rn×n for
i ∈ N . With abuse of set notation, denote a time dependent
set, F(t), as the index set of all full rank scheduling matrices
at time t ∈ [0, T ] for T ∈ R≥0. That is, for t ∈ [0, T ]

F(t) = { i ∈ N | rank(Φi(t)) = n }. (3)

Definition 6 (Active Scheduling Matrices): For any given
gain-scheduled controller of type shown in Figure 1 with
scheduling matrices Φi(t) ∈ Rn×n and i ∈ N , the schedul-
ing matrices are said to be

• active if at all times, there exists at least one nonzero
scheduling matrix, meaning ∀t ∈ [0, T ], ∃i ∈ N such
that Φi(t) ̸= 0, and

• strongly active if at all times, there exists at least one full
rank scheduling matrix, meaning ∀t ∈ [0, T ], F(t) ̸= ∅.

Lemma 1: Consider the gain-scheduled controller, Ḡ, in
Figure 1. Provided the scheduling matrices are strongly
active, then∑
i∈N

λmin

(
ΦT

i (t)Φi(t)
)
=
∑

i∈F(t)

ν2i (t) > 0, ∀t ∈ [0, T ],

where νi(t) is the smallest singular value of Φi(t).
Proof: Assume ∃t ∈ [0, T ], for T ∈ R≥0, such that

F(t) ̸= ∅. Therefore, ∀i ∈ F(t), Φi(t) is full rank, and its
smallest singular value, νi(t), is strictly positive. It follows
that ΦT

i (t)Φi(t) is also full rank and its minimum eigenvalue
is exactly ν2i (t). Additionally, ∀j ∈ N \F(t), Φj(t) is rank
deficient, therefore,

∑
j∈N\F(t) λmin

(
ΦT

j (t)Φj(t)
)
= 0.

For the remainder of this paper, it is assumed that αi ∈
R>0 for all i ∈ N . Moreover, the scheduling matrices are
assumed to be bounded in the sense that

sup
t∈[0,T ]

∥Φi(t)∥22 = sup
t∈[0,T ]

σ
2
i (t) < ∞, (4)

for all i ∈ N and T ∈ R≥0, where σi(t) is the largest
singular value of Φi(t).

IV. MAIN CONTRIBUTION

The main result of this paper, which is presented in this
section, is showing that the gain-scheduled controller in
Figure 1 is VSP when the subcontrollers are VSP and the
scheduling matrices are strongly active and bounded. Doing



so is a generalization of [3, 4] from scheduling signals to
scheduling matrices.

A. Passivity properties of gain-scheduled controller Ḡ
Using the input-output map of the gain-scheduled con-

troller Ḡ in (2), it follows that

⟨uc, Ḡuc⟩T = ⟨uc, yc⟩T =

∫ T

0

uT
c (t)

(∑
i∈N

αiΦ
T
i (t)yi(t)

)
dt

=
∑
i∈N

∫ T

0

αiu
T
c (t)Φ

T
i (t)yi(t) dt =

∑
i∈N

αi ⟨ui, yi⟩T . (5)

Theorem 1: The gain-scheduled controller Ḡ in Figure 1
is ISP if each subcontroller Gi is ISP and the scheduling
matrices are strongly active.

Proof: Substituting into (5) the ISP version of (1)
provided in Definition 5, it follows that

⟨uc, Ḡuc⟩T =
∑
i∈N

αi ⟨ui, yi⟩T ≥
∑
i∈N

αi

(
β̂i + δi∥ui∥22T

)
≥ β̂ + δmin

∑
i∈N

∥ui∥22T , (6)

with β̂i ∈ R≤0 and δi ∈ R>0 for all i ∈ N , and

β̂ =
∑
i∈N

αiβ̂i ≤ 0, δmin = min
i∈N

αiδi > 0. (7)

Substituting (2a) into (6) and applying the Rayleigh inequal-
ity leads to

⟨uc, Ḡuc⟩T ≥ β̂ + δmin

∫ T

0

∑
i∈N

λ
(i)
min(t)∥uc(t)∥22 dt, (8)

where λ
(i)
min(t) is the minimum eigenvalue of ΦT

i (t)Φi(t).
For T ∈ R≥0, provided the scheduling matrices are strongly
active, that is, F(t) ̸= ∅, ∀t ∈ [0, T ], Lemma 1 can be
applied to (8) by defining νi(t) as the smallest singular value
of Φi(t). This results in

⟨uc, Ḡuc⟩T ≥ β̂ + δmin

∫ T

0

∑
i∈F(t)

ν
2
i (t)∥uc(t)∥22 dt

≥ β̂ + δminνinf∥uc∥22T = β̂ + δ̂∥uc∥22T , (9)

with

νinf = inf
t∈[0,T ]

∑
i∈F(t)

ν2i (t) > 0, δ̂ = δminνinf > 0. (10)

Theorem 2: The gain-scheduled controller Ḡ in Figure 1
is OSP if each subcontroller Gi is OSP and the scheduling
matrices are active.

Proof: By defining the augmented matrices

Ψ(t) =

Φ1(t)
...

ΦN (t)


T

, υ(t) =

 y1(t)
...

yN (t)

 , (11a)

Λ = diag(α11, . . . , αN1), (11b)

it follows that (2b) can be written as yc(t) = Ψ(t)Λυ(t).
Using the Rayleigh inequality twice, it follows that

∥yc(t)∥22 = ∥Ψ(t)Λυ(t)∥22 ≤ α2
maxσ

2
Ψ(t)∥υ(t)∥22, (12)

where σΨ(t) is the largest singular value of Ψ(t) and
αmax = maxi∈N αi. Provided the scheduling matrices are
active, then σΨ(t) ∈ R>0. Rearranging (12) yields

1

α2
maxσ

2
Ψ(t)

∥yc(t)∥22 ≤ ∥υ(t)∥22 =
∑
i∈N

∥yi(t)∥22. (13)

Substituting into (5) the OSP version of (1) provided in
Definition 5, it follows that

⟨uc, Ḡuc⟩T =
∑
i∈N

αi ⟨ui, yi⟩T ≥
∑
i∈N

αi

(
β̄i + εi∥yi∥22T

)
≥ β̄ + εmin

∑
i∈N

∥yi∥22T , (14)

with β̄i ∈ R≤0 and εi ∈ R>0 for all i ∈ N , and

β̄ =
∑
i∈N

αiβ̄i ≤ 0, εmin = min
i∈N

αiεi > 0. (15)

Substituting (13) into (14) leads to

⟨uc, Ḡuc⟩T ≥ β̄ + εmin

∫ T

0

1

α2
maxσ

2
Ψ(t)

∥yc(t)∥22 dt

≥ β̄ +
εmin

α2
maxσ̄

2
Ψ

∥yc∥22T = β̄ + ε̄∥yc∥22T , (16)

with

σ̄Ψ = sup
t∈[0,T ]

σΨ(t) > 0, ε̄ =
εmin

α2
maxσ̄

2
Ψ

> 0. (17)

B. Discussion

Given that the N VSP subcontrollers G1,G2, . . . ,GN in
Figure 1 are assumed to be VSP, they are also ISP and
OSP simultaneously. Consider the gain-scheduled controller
Ḡ in Figure 1. The condition required for Ḡ to be ISP,
as stated in Theorem 1, is more restrictive than the OSP
case in Theorem 2, since the existence of a full rank
scheduling matrix at all times also implies the existence of a
nonzero scheduling matrix at all times. Therefore, the matrix-
gain-scheduling of N VSP subcontrollers as per Figure 1
satisfies Theorem 1 and Theorem 2 simultaneously provided
the scheduling matrices are strongly active. Consequently,
combining (9) and (16) provides

⟨uc, Ḡuc⟩T ≥ β̂ + β̄

2
+

δ̂

2
∥uc∥22T +

ε̄

2
∥yc∥22T ,

with β̂, δ̂, β̄, and ε̄ defined in (7), (10), (15), and (17),
respectively.

As required in Theorem 1, at all times, there must be at
least one full rank scheduling matrix for the gain-scheduled
controller Ḡ to be ISP. To elaborate, assume at time t ∈
[0, T ], with T ∈ R≥0, the scheduling matrix Φj(t) is full
rank for some j ∈ F(t). Then, αjΦ(t)Tj yj(t) and uj(t)
are both nonzero, provided that uc(t) and yj(t) are nonzero.
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Fig. 2. Rigid two-link robotic manipulator with joint angles θ1 and θ2
and joint torques τ1 and τ2.

TABLE I
TWO-LINK MANIPULATOR PROPERTIES

Link Parameters Link 1 Link 2
Length [m] L1 = 1.10 L2 = 0.85
Measured Length [m] L̄1 = 1.08 L̄2 = 0.83
Mass [kg] m1 = 0.40 m2 = 0.90
Measured Mass [kg] m̄1 = 0.44 m̄2 = 0.99

This can be thought of as a direct extension of [3, Theorem
1], where it is required for at least one scheduling signal
to be nonzero at all times. Additionally, the gain-scheduled
ISP coefficient in [3, 4] is a special case of δ̂ in (10),
where for a scalar scheduling signal si(t) ∈ R, its smallest
singular value is |si(t)|, and with αi = 1, (10) leads to
δ̂ = inft∈[0,T ]

∑
i∈F(t) s

2
i (t)δmin, with δmin = mini∈N δi.

In [4, Theorem 5.2], to show that a gain-scheduled con-
troller composed of a family of VSP controllers possesses
finite gain, the scalar scheduling signals are required to be
bounded as si(t) ∈ L∞. Similarly, in Theorem 2, σ2

Ψ(t)
is required to be nonzero and finite for all t ∈ [0, T ]. The
scheduling matrices being active guarantees σ2

Ψ(t) ∈ R>0.
Moreover, for the symmetric positive semi-definite matrix
ΨT(t)Ψ(t) it follows that

σ
2
Ψ(t) ≤ tr

(
Ψ

T
(t)Ψ(t)

)
=
∑
i∈N

tr
(
Φ

T
i (t)Φi(t)

)
≤ n

∑
i∈N

λmax

(
ΦT

i (t)Φi(t)
)
= n

∑
i∈N

∥Φi(t)∥22 .

Since the scheduling matrices are assumed to be bounded as
per (4), it follows that

σ̄2
Ψ = sup

t∈[0,T ]

σ2
Ψ(t) ≤ n

∑
i∈N

sup
t∈[0,T ]

∥Φi(t)∥22 < ∞.

Additionally, as discussed in [15, Proposition 2.11], the
input-output modification of the subcontrollers described in
(2) does not violate passivity. This input-output modification
is being used in a novel way to gain-schedule subcontrollers
using scheduling matrices.

V. APPLICATION EXAMPLE

A. Plant Description

To demonstrate the benefits of scheduling matrices within
the framework of Figure 1, the control of a rigid two-link
robotic manipulator is considered, as shown in Figure 2. For
simplicity, the robot is assumed to be planar, with a fixed
base, and no forces acting on the end-effector [16, pp. 177–
181]. The equations of motion of the two-link robot are given
by

M(q(t))q̈(t) = fnon(q(t), q̇(t)) + u(t), (18)

TABLE II
DISCRETE JOINT ANGLES FOR TRAJECTORY GENERATION

Discrete Time Points tk Desired Joint Angle θd(tk)
[s] [deg]

t0 = 0.0, t1 = 0.5
[
−90◦ 150◦

]T
t2 = 1.0, t3 = 2.0

[
−60◦ 90◦

]T
t4 = 3.0

[
45◦ 60◦

]T
t5 = 5.0

[
60◦ 45◦

]T
t6 = 6.0, t7 = 6.5

[
90◦ −60◦

]T
t8 = 7.5, t9 = 8.5

[
150◦ −90◦

]T
where M(q(t)) = MT(q(t)) ≻ 0 is the mass matrix,
fnon(q(t), q̇(t)) captures the nonlinear inertial and Coriolis
forces, u(t) =

[
τ1(t) τ2(t)

]T
are the joint torques, and

q(t) =
[
θ1(t) θ2(t)

]T
are the generalized coordinates. The

passive map associated with (18) is joint torques to joint
rates, which is u(t) → q̇(t).

B. Trajectory

The control objective is to have the two-link robot track
a position and rate trajectory. The position trajectory is
θd(t) =

[
θd,1(t) θd,2(t)

]T
, and the rate trajectory is θ̇d(t).

This is achieved by choosing discrete joint angles θd(tk) and
θd(tk+1) at times tk and tk+1, and interpolating between
them as such

η(t) =
t− tk

tk+1 − tk
, p5(t) = 6η5 − 15η4 + 10η3, (19a)

θd(t) = p5(t)
(
θd(tk+1)− θd(tk)

)
+ θd(tk). (19b)

As shown in Table II, the desired discrete joint angles are
chosen such that the joint angles operate within [−90◦, 150◦].

C. SPR Control Synthesis

The subcontrollers to be gain scheduled will be SPR
controllers with feedthrough, which are in turn VSP [14].
There are many ways to synthesize SPR controllers. In [4],
SPR control synthesis is achieved through construction of
SPR transfer functions for a given Hurwitz polynomial [17].
Others solve a convex optimization problem subject to linear
matrix inequalities (LMIs) to synthesize SPR controllers [18–
21]. Herein, the Kalman-Yakubovich-Popov (KYP) lemma
[12] and gain matrix K from the linear-quadratic regulator
(LQR) problem are used to synthesize the SPR controllers,
as is similarly done in [3, 11, 22].

The LQR problem requires a linearized version of (18).
Given the form of the mass matrix shown in [16, p. 180],
the nonlinearity of M(q(t)) comes from the cos(θ2) term.
Therefore, to cover the range of possible joint angles during
the desired trajectory, three linearization points are chosen
with θi,2 ∈ {150◦, 60◦,−90◦}. Since the SPR controller is a
rate-based controller, a proportional control prewrap is then
added to the system to control the joint displacements of the
system. This prewrap does not violate the passive map of the
system [3]. The linearization of the prewrapped model about



TABLE III
CONTROLLER DESIGN PARAMETERS

Properties Symbol Value
Proportional Gain Kp diag(35, 35)

LQR Weights QLQR diag(0.33, 0.25, 180, 180)−2

RLQR diag(15, 15)−2

Feedthrough δ 0.0001

q̄i =
[
0 θi,2

]T
is given by

δẋ(t) = Aiδx(t) + Biδu(t), δy(t) = Ciδx(t), (20)

with δx(t) =
[
δq(t) δq̇(t)

]T
and

Ai =

[
0 1

−M̄−1(q̄i)Kp 0

]
, Bi =

[
0

M̄−1(q̄i)

]
, Ci =

[
0
1

]T
,

where M̄(q̄i) is the measured mass matrix constructed using
the measured link lengths and masses in Table I and Kp is
the proportional gain matrix in Table III. Additionally, the
LQR problem’s state and input weight matrices, QLQR and
RLQR, are tabulated in Table III following Bryson’s rule [23].

Using the linearized model in (20) with the LQR state
and input weight matrices in Table III, the gain matrix
Ki is computed for each linearization point by solving the
algebraic Riccati equation (ARE) [23]. The SPR control
synthesis is then completed similar to [3, 11, 22] by using
the KYP lemma to set

Ac,i = Ai − BiKi, Cc,i = Ki, Bc,i = P−1
i KT

i ,

where Pi = PT
i ≻ 0 is the solution to the Lyapunov equation,

AT
c,iPi + PiAc,i = −Qi, for Qi = QT

i ≻ 0.
Finally, an SPR controller by itself is not VSP. However,

an SPR controller in a parallel feedforward connection with
an arbitrary constant gain δ ∈ R>0 is VSP [14]. Therefore,
for each linearization point q̄i, a VSP controller, Gi : L2e →
L2e, can be synthesized with the state-space form

ẋi(t) = Ac,ixi(t) + Bc,iui(t), yi(t) = Cc,ixi(t) + Dcui(t),

where Dc = δ1, with δ in Table III.

D. Scheduling Signals

Historically, gain-scheduled controllers have used linear
scheduling signals. However, herein, fourth degree polyno-
mials are used as scheduling signals within the scheduling
matrices. For the three linearization points q̄1, q̄2, and q̄3,
the scheduling signals in Figure 3 are defined as

s1(t) =

{
1−

(
t
3

)4
0.0 ≤ t ≤ 3.0,

0 3.0 < t,
(21a)

s2(t) =

{
1−

(
t−3
2.8

)4
0.2 ≤ t ≤ 5.8,

0 otherwise,
(21b)

s3(t) =


0 0.0 ≤ t < 5.0,

1−
(
t−7.5
2.5

)4
5.0 ≤ t ≤ 7.0,

1 7.0 < t.

(21c)
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Fig. 3. Scalar scheduling signals s1(t), s2(t), and s3(t) defined in (21).
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Fig. 4. Gain-scheduled feedback control of the plant to be controlled G0,
prewrapped with proportional control, and the gain-scheduled controller Ḡ.

Note that after T = 7 < t, s3 = 1, while the other signals
are zero. Additionally, all scheduling signals are bounded,
and at all times, at least one scheduling signal is active,
meaning si ∈ L2e, ∀i ∈ N = {1, 2, 3}, and

∑
i∈N si(t) > 0

∀t ∈ R≥0. Therefore, as required in [4], s1, s2, and s3 are
valid scalar signals to preserve the VSP property of the gain-
scheduled subcontrollers.

As per Figure 1, for u : R≥0 → R2, the scheduling of each
subcontroller Gi requires five hyperparameters: one αi, and
four scheduling signals for the scheduling matrix Φi. Using
three subcontrollers, one such set of scheduling matrices are

Φ1(t) =

[
µ1s1(t) + ν1s2(t) 0

0 s1(t)

]
, α1 = 2, (22a)

Φ2(t) =

[
s2(t) 0
s2(t) s2(t)

]
, α2 = 1, (22b)

Φ3(t) =

[
µ2s3(t) + ν2s2(t) 0

0 s3(t)

]
, α3 = 2, (22c)

with µ1 = 2, ν1 = 4, µ2 = 1, and ν2 = 2, where s1(t), s2(t),
and s3(t) are defined in (21). The scheduling matrices in (22)
are deliberately chosen to be diagonal or lower triangular, so
that they are full rank, provided nonzero diagonal elements.
It can easily be verified that ∀t ∈ R≥0, ∃i ∈ N , such that
rank(Φi(t)) = n = 2, provided µ1, µ2, ν1, ν2 > 0. Further-
more, to highlight the impact of the off-diagonal element in
Φ2(t) on τ2, the second diagonal entry of each scheduling
matrix is kept as its scalar counterpart, si(t). Finally, output
scheduling matrices are scaled by αi, to demonstrate the
effect of the scaling factor on the performance of the gain-
scheduled controllers in Figure 1.
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TABLE IV
RMS ERROR OF JOINT ANGLE AND JOINT ANGLE RATE

RMS angle error RMS angle rate error

Control method
[deg] [deg/s]

e1 e2 ė1 ė2
Unscheduled 0.8328 0.6688 2.5933 1.5587
Scalar scheduling 0.6839 0.6464 2.1307 1.2702
Matrix scheduling 0.0668 0.4515 0.1480 1.1352

E. Comparison

Consider the rigid two-link planner robotic manipulator
in Figure 2 and its equation of motion (18). Three dif-
ferent control approaches are compared with the objective
of following the trajectory given by (19). As a baseline,
a single VSP controller is designed about the linearization
of the robot at the end of its trajectory. This corresponds
to using the third linearization point q̄3 in the linearized
model (20), and will be referred to as the unscheduled
controller henceforth. The second approach, referred to as the
scalar gain-scheduled (GS) controller, is presented in [4]. In
particular, [4] gain-schedules three VSP subcontrollers, G1,
G2, and G3, designed about the linearization points q̄1, q̄2,
and q̄3, using the scalar scheduling signals in (21). These
subcontrollers are then gain-scheduled as per Figure 1, in
the parallel interconnection shown in Figure 4, just with
Φi(t) = si(t)1 and αi = 1 for i ∈ N . The third approach,
referred to as the matrix GS controller, only differs from the
scalar gain-scheduled controller in that the scheduling ma-
trices in (22) are used instead. Note, across all three control
approaches, the exact same Kp, QLQR, RLQR, and δ are used
for the synthesis of the VSP subcontrollers. The desired
trajectory (19) along with the close tracking performance of
the three subcontrollers are shown in Figure 5. The joint
angle error, e(t) =

[
e1(t) e2(t)

]T
= θd(t)−q(t), is shown

in Figure 6, where the matrix GS controller has noticeably
less error, magnitude wise, than the scalar GS controller.
The joint torques, u(t) =

[
τ1(t) τ2(t)

]T
, are shown in

Figure 7, where all three approaches have similar profiles.
The root-mean-square (RMS) joint angle error, and joint
angle error rates are tabulated in Table IV. Again, the matrix
GS controller realizes much lower RMS angle error and RMS
angle rate error. The python code used to generate the
figures presented in this section can be found in the GitHub
repository at https://github.com/decargroup/
matrix_scheduling_vsp_controllers.

VI. CLOSING REMARKS

Gain-scheduled control of VSP subcontrollers using
scheduling matrices is considered in this paper. The proposed
gain-scheduling architecture is shown to preserve the VSP
properties of the subcontrollers, provided the scheduling
matrices are bounded and strongly active, as defined in Sec-
tion III-B. The conditions on the scheduling matrices reduce
to the same conditions on the scheduling signals reported in
[3, 4] when the scheduling matrices are deliberately chosen
to be scalar’s times the identity matrix. The proposed gain-
scheduling architecture is used to control a rigid two-link
robot in simulation subject to model uncertainty. Numeri-
cal results highlight the added benefit of using scheduling
matrices relative to scheduling signals.
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