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Abstract

The focus of this thesis is a control-theoretic analysis of first-order optimization algorithms,
such as gradient descent (GD) and its accelerated variants. The control interpretation of such
first-order algorithms consists of casting them as a Lur’e problem, where the algorithm is
represented as the interconnection of a linear controller in negative feedback with the gradient.
Consequently, standard input-output theory, in particular, the passivity theorem, can be used
to analyze the input-output stability of the interconnection. This passivity-based approach
is particularly useful, as it is robust to model uncertainties, such as gradient uncertainty
that does not violate passivity. Moreover, the stability of optimization algorithms with
varying hyperparameters can be analyzed through the lens of passivity-based gain-scheduling
techniques. The novel contributions of this thesis come in two parts.

First, it is shown that GD, Polyak’s heavy ball (HB), Nesterov’s accelerated gradient
(NAG), and triple momentum (TM) methods can each be represented as a passive controller
in negative feedback with the gradient to be minimized. As such, for a class of functions with
sector-bounded gradient, the passivity theorem can be used to guarantee the input-output
stability as well as the global convergence of these algorithms. Furthermore, compared with
existing results, this approach provides a tighter upper bound on the largest allowable step
size by guaranteeing the input-output stability of the GD controller.

Second, this thesis introduces the gain-scheduling of discrete-time quadratic supply rate
(QSR)-dissipative subsystems. The scheduling functions considered here take the form of
matrices, generalizing the scalar scheduling functions used in the literature. Furthermore, this
thesis extends existing gain-scheduling results to include a broader class of QSR-dissipative
systems. Notably, given that passivity is a special case of QSR-dissipativity, it is shown that
the matrix-scheduling of passive subsystems results in an overall passive system. As such, the
proposed gain-scheduling architecture, in tandem with the passive GD, HB, NAG, and TM
controllers, can be used to represent varying hyperparameters and propose new variations of
these algorithms.
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Résumé

Cette thèse examine la stabilité des algorithmes d’optimisation de premier ordre, tels que
la descente de gradient (GD) et ses variantes accélérées, à l’aide de la théorie du contrôle.
L’interprétation de ces algorithmes dans le cadre de la théorie du contrôle consiste à les
reformuler comme un problème de Lur’e, où l’algorithme est représenté comme l’interconnexion
d’un contrôleur linéaire en rétroaction négative avec le gradient. Par conséquent, la théorie
classique des systèmes entrée-sortie, en particulier le théorème de passivité, peut être utilisée
pour analyser la stabilité entrée-sortie de cette interconnexion. Cette approche fondée sur la
passivité est particulièrement utile, car elle est robuste aux incertitudes du modèle, telles
qu’une incertitude sur le gradient qui ne viole pas la propriété de passivité. De plus, la stabilité
des algorithmes d’optimisation à hyperparamètres variables peut être analysée sous l’angle
de techniques de commande à gains programmés fondées sur la passivité. Les contributions
originales de cette thèse s’articulent en deux volets.

Premièrement, il est démontré que GD, la méthode heavy ball de Polyak (HB), la méthode
gradient accéléré de Nesterov (NAG) et la méthode à triple momentum (TM) peuvent chacune
être représentées comme des contrôleurs passifs en rétroaction négative avec le gradient de
la fonction à minimiser. Ainsi, pour une classe de fonctions dont le gradient est borné dans
un secteur, le théorème de passivité peut être utilisé pour garantir la stabilité entrée-sortie
ainsi que la convergence globale de ces algorithmes. De plus, comparativement aux résultats
existants, cette approche offre une borne supérieure plus serrée pour la taille de pas maximale
autorisée, tout en garantissant la stabilité entrée-sortie du contrôleur de descente de gradient.

Deuxièmement, cette thèse introduit la commande à gains programmés pour des sous-
systèmes dissipatifs en temps discret de type QSR (Quadratic Supply Rate). Les fonctions
d’ordonnancement considérées ici prennent la forme de matrices, généralisant ainsi les fonctions
d’ordonnancement scalaires utilisées dans la littérature. En outre, cette thèse étend les
résultats existants de la commande à gains programmés, englobant ainsi une classe plus large
de systèmes dissipatifs de type QSR. La passivité étant un cas particulier de la dissipativité
QSR, il est démontré que l’ordonnancement matriciel de sous-systèmes passifs aboutit à un
système passif dans son ensemble. Ainsi, l’architecture de commande à gains programmés
proposée, combinée aux contrôleurs passifs GD, HB, NAG et TM, permet d’intégrer des
hyperparamètres variables et de proposer de nouvelles variantes de ces algorithmes.
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Preface

The novel contributions of this thesis are listed in this preface where any contribution that
has appeared in a publication is referenced.

• Chapter 4
– Introducing the passivity-based analysis of the GD algorithm for a class of functions

with sector-bounded gradients and a unique global minimizer, f ∈ Sm,L with
0 < m ≤ L [1].

– Relaxing the assumptions in [1] to m = 0 and using the weak passivity theorem to
guarantee the global convergence of the GD algorithm.

• Chapter 5
– Guaranteeing the global convergence of the HB, NAG, and TM methods for

f ∈ S0,L with 0 < L using the weak passivity theorem.
• Chapter 6

– Generalizing the gain-scheduling architecture presented in [2] by introducing
scheduling matrices and formulating the discrete-time counterpart of the results.
Note, the presented matrix-scheduling architecture is the discrete-time counterpart
of the author’s work in [3, 4].

– GD with varying step size as a gain-scheduled system using the proposed matrix-
scheduling architecture.

– Introducing a variation of the GD method with variable step size, using a passivity-
based gain-scheduled control architecture [1].

– Gain-scheduling passive first-order optimization algorithms.
All proofs, plots, and tables were produced by the author under the supervision of Prof.
James Richard Forbes. The sole exception is Lemma A.1, where Prof. Xiao-Wen Chang
provided helpful insights to generalize the proof.
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6.1 Gain-scheduled system Ḡ, composed of N parallel QSR-dissipative subsys-
tems. The input and output of each subsystem are scheduled as per (6.3)
via the matrix multiplication between the scheduling matrices Φu,i(t) and
Φy,i(t), and their corresponding signals u(t) and yi(t), respectively. . . . . . 44

6.2 Gain-scheduling of the ith subsystem, Gi. The input and output of Gi are
scheduled as per (6.3) via the matrix multiplication between the scheduling
matrices Φu,i(t) and Φy,i(t), and their corresponding signals u(t) and yi(t),
respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

6.3 LPV GD controller as a gain-scheduled system composed of N parallel GD
controllers with fixed step sizes αi. The input and output of each controller
is scaled by the Kronecker delta scheduling function δki , which is defined as
δki = 1 if i = k and δki = 0 otherwise. . . . . . . . . . . . . . . . . . . . . . 57

ix



6.4 Loop transformation of the gain-scheduled GD controller in Figure 6.3. The
loop transformation introduces the feedthrough terms Di1, resulting in the
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Chapter 1

Introduction

1.1 Motivation

Optimization is an indispensable tool used in many branches of engineering. The growing
complexity of our modern systems and data-driven applications demands optimization
algorithms that are robust to model uncertainties, noise, and gradient estimation errors. The
inherent accuracy-robustness trade-off of these algorithms motivates the need for a systematic
approach to analyze them. By leveraging powerful tools from robust control theory, such
as passivity and gain-scheduling, this thesis provides a systematic approach to analyze
the stability of first-order optimization algorithms and proposes new variations of these
algorithms. To this end, Part 1 of this thesis presents a novel passivity-based analysis of first-
order optimization algorithms, while Part 2 generalizes existing gain-scheduling architectures
and applies them to the case of gain-scheduling of first-order optimization algorithms.

1.2 Background and Related Work

1.2.1 Optimization as a Control Problem

Input-output stability theorems, such as the passivity, small gain, and conic sector theorems,
have been widely used to analyze and guarantee the L2-stability of feedback interconnections.
The passivity theorem ensures closed-loop L2-stability of a passive system connected in a
negative feedback interconnection with a very strictly passive (VSP) system [5]. The systems
within the feedback loop are permitted to be time-varying or nonlinear. Moreover, precise
knowledge of the system parameters is not required so long as the systems remain passive
and VSP, respectively, in the face of model uncertainty.

Recently, popular first-order optimization methods such as gradient descent, Polyak’s
heavy-ball [6], and Nesterov’s accelerated gradient method [7], have been analyzed through

2



the lens of feedback control in a discrete-time setting. In particular, in [8], for a function with
sector-bounded gradient, the circle criterion is used to derive expressions for the parameters of
the heavy ball method that guarantee its global convergence. This result was extended in [9]
by incorporating an additional parameter, leading to the new generalized accelerated gradient
method. The small gain theorem is used in [10] to relate the input-output gain computations of
a defined complementary sensitivity function to the convergence properties of gradient descent
methods. Additionally, [10] demonstrates a connection between the step size selection of the
gradient method and H∞ state feedback synthesis. For a class of convex constraint-coupled
optimization problems, a passivity-based analysis of the alternating direction method of
multipliers (ADMM) is provided in [11]. Dissipativity theory and Lyapunov-based approaches
for algorithm analysis have also been studied in [12, 13]. Other robust control tools such
as integral quadratic constraints (IQCs) have been used in the analysis and synthesis of
novel first-order iterative optimization methods. Within the context of optimization, the
IQC framework is first used in [14] to derive numerical upper bounds on convergence rates of
first-order methods. For the class of m-strongly convex and L-smooth functions, a graphical
design procedure based on IQCs is used to derive the optimal parameters for the triple
momentum method introduced in [15]. The aforementioned works have mostly been limited
to the case of first-order methods with fixed hyperparameters. Notably, [16] appears to be
the only widely recognized work that considers varying step sizes, using the IQC framework
to model the gradient descent method as a linear parameter-varying system.

1.2.2 Passivity-Based Gain-Scheduled Control

When controlling a nonlinear system, it is possible to design linear controllers using the
linearized model of a system about an operating point. However, the linearized model of the
plant may not adequately capture the behavior of the nonlinear system over a wide range of
operating conditions. Therefore, a single linear controller designed using a single linearized
plant may not realize adequate closed-loop performance, or even closed-loop stability, across a
wide range of operating conditions. At a high level, gain-scheduling is a “divide and conquer”
approach to control design, where a set of linear subcontrollers are designed, each about a
different linearization point across the operating range of the nonlinear system. The linear
subcontrollers are then interpolated or scheduled to form a gain-scheduled controller that
realizes acceptable performance, ideally with closed-loop stability guarantees as well.

The stability of gain-scheduled controllers has been studied using passivity, conicity,
and dissipativity theory. Within the context of passivity-based control, a useful passivity-
preserving gain-scheduling architecture was introduced in [2]. Using this architecture, the
gain-scheduling of strictly positive real (SPR) subcontrollers is shown to be input strictly
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passive (ISP) [2] and VSP [17]. An alternative passivity-based gain-scheduling architecture
accounting for actuator saturation is presented in [18]. Gain-scheduling VSP controllers with
affine dependence on plant parameters is presented in [19]. Gain-scheduling conic systems,
and relying on the conic sector theorem to ensure L2-stability of the closed-loop system,
is considered in [20]. In [21], quadratic supply rate (QSR)-dissipative properties of non-
square QSR-dissipative systems are shown to be preserved under the same gain-scheduling
architecture of [2, 17].

The gain-scheduling techniques in [2, 17–22] all consider scalar scheduling signals. In
[23], the notion of extended passive systems was shown using a row of scalar scheduling
signals. Scalar scheduling signals affect the entire input-output map of the subcontrollers.
When controlling a multiple-input multiple-output (MIMO) system, each control variable
may require different gain scheduling to ensure acceptable performance. Additionally, it
might be natural to gain-schedule based on two or more independent exogenous variables.
This motivates the use of scheduling matrices that effectively introduce more scheduling
parameters to allow for additional flexibility in the scheduling of the subcontrollers. Moreover,
the gain-scheduling results presented in [2], along with its subsequent extensions, focus
exclusively on continuous-time systems. While extending these results to discrete-time
systems is straightforward, this has not been explicitly addressed in the literature.

1.3 Objectives

This thesis has three main objectives. First, to develop a passivity-based analysis of first-order
optimization algorithms that decouples the analysis of the algorithm from the properties of the
objective function. This decoupling allows portions of the analysis to be reused when studying
new algorithms or objective functions, without the need to repeat the entire procedure. Second,
to generalize the gain-scheduling architecture presented in [2] by introducing scheduling
matrices and formulating the discrete-time counterpart of the results. Finally, to leverage the
proposed discrete-time gain-scheduling architecture and analyze the stability and convergence
properties of first-order optimization algorithms with varying hyperparameters using a
passivity-based approach.

1.4 Outline and Contributions

General concepts, definitions, and theorems used throughout this thesis, including those
related to linear algebra, signals, and input-output stability, are presented in Chapter 2.
Chapter specific preliminaries are presented at the beginning of each chapter. The remainder
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of this thesis is organized as follows.
Part 1 presents a novel passivity-based analysis of first-order optimization algorithms.

Firstly, Chapter 3 formally defines the concept of passivity and the passivity theorem. The
control interpretation of the gradient descent algorithm is then reviewed in Chapter 4. The
contributions of this chapter is derived from [1], where the passivity-based analysis of the
gradient descent algorithm is presented. The main result of this chapter uses the weak
passivity theorem to provide a tighter upper bound on the largest allowable step size by
guaranteeing the input-output stability of the gradient descent controller. The extension of
the passivity-based analysis to momentum-based methods is presented in Chapter 5. The
highlight of this chapter is to guarantee the input-output stability, as well as the global
convergence, of popular momentum-based methods for more general objective functions than
those considered in the control literature.

Part 2 presents the gain-scheduling of QSR-dissipative systems. The contributions of
Chapter 6 are the discrete-time counterparts of those in [3, 4], where a novel matrix-gain-
scheduling architecture was introduced. The main results of this chapter are the applications
of gain-scheduling of first-order optimization algorithms. To this end, this chapter presents
a control interpretation of the gradient descent algorithm with varying step size as a gain-
scheduled system. Moreover, a new variation of the gradient descent algorithm is proposed,
where both the input and output of the gradient are scaled. Finally, the gain-scheduling of
passive first-order optimization algorithms is discussed, in which the scheduling signals are
used to interpolate or switch between different first-order optimization algorithms.

Chapter 7 concludes this thesis and discusses potential future research directions. For a
summary of the contributions of this thesis along with appearances in publications, see the
Preface.
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Chapter 2

Mathematical Preliminaries

The two main themes of this thesis are the use of norm inequalities and input-output stability.
Section 2.1 presents the necessary linear algebra preliminaries, including matrix norms and
inequalities, which are used throughout this thesis. Section 2.2 reviews the definitions of signals
and systems, as well as input-output stability, which are essential for the passivity-based
analysis proposed in the subsequent chapters.

2.1 Linear Algebra

This section presents the necessary linear algebra preliminaries, including matrix norms,
useful inequalities, and definiteness of matrices, which are used throughout this thesis.

2.1.1 Vector Norms and Matrix Norms

Definition 2.1 (Vector Norm [24]). Let X be a vector space. A real-valued function ∥ · ∥
defined on X is said to be a norm on X if it satisfies the following properties:

(i) ∥x∥ ≥ 0 (positivity);
(ii) ∥x∥ = 0 if and only if x = 0 (positive definiteness);
(iii) ∥αx∥ = |α| ∥x∥, for any scalar α (homogeneity);
(iv) ∥x + y∥ ≤ ∥x∥+ ∥y∥ (triangle inequality).

Definition 2.2 (Vector p-Norm). For x ∈ Rn, the vector p-norm of x is defined as

∥x∥p =
(

n∑

i=1

|xi|p
)1/p

, 1 ≤ p < ∞.
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In particular, for p = 2, the vector 2-norm is defined as

∥x∥2 =

√√√√
n∑

i=1

|xi|2 =
√

xTx =
√

⟨x, x⟩,

and for p = ∞, the vector ∞-norm is defined as

∥x∥∞ = max
1≤i≤n

|xi|.

Definition 2.3 (Induced Matrix p-Norm [24]). For A ∈ Rm×n, the matrix norm induced by
a vector p-norm is defined as ∥A∥p = supx̸=0∥Ax∥p/∥x∥p. The special case of p = 2 can be
written as ∥A∥2 =

√
λmax(ATA) = σmax(A).

2.1.2 Useful Inequalities

Lemma 2.1 (Cauchy–Schwarz Inequality [24]). Let X be an inner product space and let
x, y ∈ X . Then,

|⟨x, y⟩| ≤ ∥x∥2∥y∥2.

Moreover, |⟨x, y⟩| = ∥x∥2∥y∥2 if and only if x = αy for some α ∈ R≥0.
Lemma 2.2 (Rayleigh Inequality [25]). Given a symmetric matrix Q ∈ Sn, it follows that

λmin(Q)∥x∥22 ≤ xTQx ≤ λmax(Q)∥x∥22, ∀x ∈ Rn.

Lemma 2.3. Suppose that u1, . . . , uN are real numbers. The arithmetic mean-quadratic
mean (AM-QM) inequality, given as part of the mean inequalities in [26, Theorem 2.16],
states that (

N∑

i=1

ui

)2

≤ N
N∑

i=1

u2
i .

Proof. The Cauchy–Schwarz inequality for u = [u1, . . . , uN ]
T ∈ RN and v = [1, . . . , 1]T ∈ RN

states that (
N∑

i=1

ui

)2

= |⟨u, v⟩|2 ≤ ∥u∥22∥v∥22 = N
N∑

i=1

u2
i .
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2.1.3 Definiteness of a Matrix

Let A ∈ Sn be a symmetric matrix. Then A is said to be:
(i) Positive definite if A ∈ Sn

++, that is, xTAx > 0, ∀ x ̸= 0.
(ii) Positive semidefinite if A ∈ Sn

+, that is, xTAx ≥ 0, ∀ x ̸= 0.
(iii) Negative definite if A ∈ Sn

−−, that is, xTAx < 0, ∀ x ̸= 0.
(iv) Negative semidefinite if A ∈ Sn

−, that is, xTAx ≤ 0, ∀ x ̸= 0.
Theorem 2.1 (Principal-Minor Test [27]). Given A ∈ Sn, a principal minor of order k is
any determinant obtained by deleting n− k rows and the corresponding n− k columns of A.
Then,

1. A ∈ Sn
− if and only if every principal minor of even order is nonnegative, and every

principal minor of odd order is nonpositive,
2. A ∈ Sn

++ if and only if every principal minor is positive.

2.2 Signals and Systems

This section reviews the definitions of signals, inner product spaces, systems, and input-output
stability.

2.2.1 Signals and Inner Product Spaces

The inputs and outputs of systems are signals, whose properties and relations define the
system’s input-output characteristics.
Definition 2.4 (Truncation Operator [28]). For a discrete-time signal u : Z≥0 → Rn and
T ∈ Z≥0, its truncation, uT , is defined as

uT (t) =





u(t), t < T,

0, t ≥ T.

Definition 2.5 (Truncated Inner Product [28]). For discrete-time signals u, y : Z≥0 → Rn,
the truncated inner product over the discrete-time interval T = {0, 1, . . . , T − 1} is defined
as

⟨u, y⟩T = ⟨uT , yT ⟩ =
∞∑

t=0

uT
T (t)yT (t) =

∑

t∈T

uT(t)y(t), ∀T ∈ Z>0.

Definition 2.6 (ℓ2e and ℓ2 Function Spaces [28]). Given a signal u : Z≥0 → Rn, u ∈ ℓ2e if

∥u∥22T = ⟨u,u⟩T < ∞, ∀T ∈ Z>0.
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Moreover, u ∈ ℓ2 if
∥u∥22 = ⟨u,u⟩ < ∞.

Definition 2.7 (ℓ∞ Function Space [28]). Given a signal u : Z≥0 → Rn, u ∈ ℓ∞ if

∥u∥∞ = sup
t∈Z≥0

max
i=1,...,n

|ui(t)| < ∞.

2.2.2 Systems and Input-Output Stability

A time-invariant system is a mapping from input signals to output signals such that the
output at time t depends only on the input at time t. A linear time-invariant (LTI) System,
G : ℓ2e → ℓ2e, is a mapping that satisfies

G(au1 + bu2) = aG(u1) + bG(u2),

for all u1, u2 ∈ ℓ2e and scalars a, b ∈ R.
A discrete-time LTI system admits the state-space model

x(t+ 1) = Ax(t) + Bu(t),

y(t) = Cx(t) + Du(t),
(2.1)

where x ∈ Rnx , u ∈ Rnu , and y ∈ Rny are the state, input, and output signals, respectively,
and A, B, C, D are matrices of appropriate dimensions. The system is square if (nu = ny). A
state-space realization is minimal if its state dimension nx is the smallest possible [29]. The
minimal state-space realization of an LTI system G defined by (2.1) is denoted by

G min∼
[

A B
C D

]
.

The following definition is a special case of the definition of input-output stability for LTI
systems.
Definition 2.8 (ℓ2-Stability [28]). The system y = Gu with the operator G : ℓ2e → ℓ2e is
ℓ2-stable if y ∈ ℓ2 for all u ∈ ℓ2.
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Part 1

Passivity of First-Order Optimization
Algorithms
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Chapter 3

Passivity-Based Control

3.1 Introduction

Passivity is a fundamental concept in control theory that originates from circuit theory, where
it can be expressed in terms of resistors, inductors, and capacitors (or, in mechanical systems,
masses, springs, and dampers). Intuitively, a system is passive if it does not generate more
energy than it absorbs from its inputs, a property that naturally aligns with conservation
laws. Notably, passive systems are inherently stable under feedback interconnection, enabling
complex systems to be analyzed and designed using energy-based arguments. Nowadays,
passivity theory has been extended to the case of nonlinear, time-varying, and distributed
systems. This chapter provides the various definitions and theorems related to passivity,
which are used throughout this thesis.

3.2 Characterization of Passivity

The notion of passivity, originating from the work of Zames [30] and later formalized within
Willems’ dissipativity framework [31], is defined as follows.
Definition 3.1 (Passivity [28]). Consider a square system with input u ∈ ℓ2e and output
y ∈ ℓ2e mapped through the operator G : ℓ2e → ℓ2e. The system G is

(i) passive if ∃β ∈ R≤0 such that

⟨u, y⟩T ≥ β, ∀u ∈ ℓ2e, ∀T ∈ Z>0,

(ii) input strictly passive (ISP) if ∃β ∈ R≤0 and ∃δ ∈ R>0 such that

⟨u, y⟩T ≥ β + δ∥u∥22T , ∀u ∈ ℓ2e, ∀T ∈ Z>0,
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∆

Gy1

+

u1

u2 y2

− r1+

r2
+

Figure 3.1: The negative feedback interconnection of two systems G and ∆.

(iii) output strictly passive (OSP) if ∃β ∈ R≤0 and ∃ε ∈ R>0 such that

⟨u, y⟩T ≥ β + ε∥y∥22T , ∀u ∈ ℓ2e, ∀T ∈ Z>0,

(iv) very strictly passive (VSP) if ∃β ∈ R≤0 and ∃δ, ε ∈ R>0 such that

⟨u, y⟩T ≥ β + δ∥u∥22T + ε∥y∥22T , ∀u ∈ ℓ2e, ∀T ∈ Z>0.

The following lemma provides a frequency-domain characterization of passivity.
Lemma 3.1 (Positive Real [32, Lemma 3]). Let G(z) be a square matrix of real rational
functions of z and let (A,B,C,D) be a minimal realization of G(z). Then G(z) is positive
real if and only if ∃P = PT ≻ 0 such that

[
ATPA − P ATPB − CT

(
ATPB − CT

)T BTPB −
(
D + DT

)
]
⪯ 0. (3.1)

Remark 3.1. In Lemma 3.1, a necessary and sufficient condition for a positive real transfer
matrix is given. However, an LTI system is passive if and only if it has a positive real transfer
function [33, Theorem 13.27].

3.3 Passivity Theorems

Having defined notions of passivity in Definition 3.1, the passivity theorem can now be stated.
Theorem 3.1 (Weak Passivity Theorem [28]). Consider two systems G : ℓ2e → ℓ2e and
∆ : ℓ2e → ℓ2e in negative feedback as per Figure 3.1. Then:

(i) If G is passive, ∆ is ISP, r1 ∈ ℓ2 and r2 = 0, then y1 ∈ ℓ2.
(ii) If G is passive, ∆ is OSP, r1 = 0 and r2 ∈ ℓ2, then y2 ∈ ℓ2.

Notice that the Weak Passivity Theorem can only guarantee the output signals of one of
the two systems to be in ℓ2 at a time. Given that a VSP system is both ISP and OSP, the
Strong Passivity Theorem can be used to guarantee the output signals of both systems to be
in ℓ2.
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Theorem 3.2 (Strong Passivity Theorem [28]). Consider two systems G : ℓ2e → ℓ2e and
∆ : ℓ2e → ℓ2e in negative feedback as per Figure 3.1. If G is passive, ∆ is VSP, and r1, r2 ∈ ℓ2,
then y1, y2 ∈ ℓ2.
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Chapter 4

Input-Output Stability of Gradient
Descent: A Passivity-Based Approach

4.1 Overview

This chapter presents a discrete-time passivity-based analysis of the gradient descent method
for a class of functions with sector-bounded gradients. Firstly, it is shown that the control
interpretation of the gradient descent method, as found in [14], is not passive. As such, using
a loop transformation, it is shown that the gradient descent method can be interpreted as
a passive controller in negative feedback with a very strictly passive system. The passivity
theorem is then used to guarantee input-output stability, as well as the global convergence, of
the gradient descent method. Furthermore, provided that the lower and upper sector bounds
are not equal, the input-output stability of the gradient descent method is guaranteed using
the weak passivity theorem for a larger choice of step size.

4.2 Preliminaries

This section provides the necessary background on optimization as a control problem. First,
useful function properties such as convexity and smoothness are introduced, along with their
generalization to sector-bounded functions. Next, the optimization problem is defined and
the gradient descent method is presented. Finally, the control interpretation of the gradient
descent method as a Lur’e problem is reviewed.

4.2.1 Function Classes

In order to analyze the stability of optimization algorithms, it is necessary to precisely define
the class of functions under consideration. As such, this section outlines the function classes
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of interest based on properties such as convexity, smoothness, and sector-boundedness.
Definition 4.1 (Convex Function [34]). A differentiable function f : Rn → R is convex if for
all x, y ∈ Rn the following inequality holds

f(x) ≥ f(y) +∇f(y)T(x − y). (4.1)

Definition 4.2 (m-Strongly Convex Function [34]). A differentiable function f : Rn → R is
m-strongly convex if there exists a constant m ∈ R>0 such that for all x, y ∈ Rn the following
inequality holds

f(x) ≥ f(y) +∇f(y)T(x − y) +
m

2
∥x − y∥2. (4.2)

Note, f is m-strongly convex if and only if g(x) = f(x)− m
2
∥x∥22 is convex.

Definition 4.3 (L-Smooth Function [34]). A differentiable function f : Rn → R is L-smooth
if there exists a constant L ∈ R>0 such that for all x, y ∈ Rn the following inequality holds

∥∇f(x)−∇f(y))∥ ≤ L∥x − y∥. (4.3)

Denote the set of continuously differentiable functions f : Rn → R that are m-strongly
convex and L-smooth with 0 < m ≤ L as Fm,L. Moreover, κ = L/m is called the condition
number of f . The point x∗ ∈ Rn is the global minimizer of f if for all x ∈ Rn, f(x∗) ≤ f(x).
When f is m-strongly convex, x∗ is the unique solution to ∇f(x∗) = 0.
Definition 4.4 (Co-Coercivity Property [14, Proposition 5]). Consider a function f ∈ Fm,L

and its unique global minimizer x∗ such that ∇f(x∗) = 0. The function g(x) = f(x)− m
2
∥x∥22

is convex and (L−m)–smooth. The co-coercivity of ∇g can be written as

⟨x − y,∇f(x)−∇f(y)⟩ ≥ mL

m+ L
∥x − y∥22 +

1

m+ L
∥∇f(x)−∇f(y)∥22,

for all x, y ∈ Rn. Notably, for y = x∗, the inequality reduces to

⟨x − x∗,∇f(x)⟩ ≥ mL

m+ L
∥x − x∗∥22 +

1

m+ L
∥∇f(x)∥22. (4.4)

Remark 4.1. A useful pair of inequalities that follow from (4.4) are given by

m∥x − x∗∥2 ≤ ∥∇f(x)∥2 ≤ L∥x − x∗∥2, (4.5)

m∥x − x∗∥22 ≤ ⟨x − x∗,∇f(x)⟩ ≤ L∥x − x∗∥22. (4.6)
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Figure 4.1: The function f ∈ Sm,L defined in (4.8) for m = 1 and L = 100. This function is
non-convex but has a sector-bounded gradient and a unique global minimizer at x∗ = 0.

Remark 4.2. If f is convex and L-smooth, the inequality in (4.4) reduces to

⟨x − x∗,∇f(x)⟩ ≥ 1

L
∥∇f(x)∥22. (4.7)

The inequality in (4.5) encloses ∇f(x) in the sector between two lines with slopes m and
L [12]. More generally, the set of continuously differentiable functions with unique global
minimizers satisfying (4.4) is denoted as Sm,L. This class of functions has sector-bounded
gradients and contains non-convex functions as well, meaning Fm,L ⊂ Sm,L [10].
Example 4.1 (A Non-Convex Function with Sector-Bounded Gradient [8]). Consider the
function f : R → R defined as

f(x) =
L−m

4

(
L+m

L−m
x2 + 2 sin(x)− 2x cos(x)

)
, (4.8)

for 0 < m < L. As shown in Figure 4.1, the function f is non-convex, has a unique global
minimizer at x∗ = 0, and m|x| ≤ |∇f(x)| ≤ L|x| for all x ∈ R.

4.2.2 Optimization Problem

Consider the unconstrained optimization problem

min
x∈Rn

f(x), (4.9)

where f ∈ Sm,L. The gradient descent (GD) method with the update rule

x(k + 1) = x(k)− α∇f(x(k)), (4.10)

can be used to solve (4.9) using an initialization x(0) ∈ Rn and a constant step size α ∈ R>0.
Note, for the remainder of this chapter, the notation x(k) is abbreviated to xk.
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uk = ∆
(
yk
)

G :

{
xk+1 = Axk + Buk

yk = Cxk + Duk

}
yk uk

Figure 4.2: The Lur’e problem as an LTI system G connected in feedback with a static
memory-less nonlinearity ∆.

Theorem 4.1 (Convergence of GD [35, Chapter 1.4.2, Theorem 1]). Let f : Rn → R be a
continuously differentiable and L-smooth function. Then, in the GD algorithm with step size
0 < α < 2/L, the gradient tends to zero and f(xk+1) ≤ f(xk) for all k ∈ Z≥0.

4.2.3 Control Interpretation of Gradient Descent

Consider the Lur’e problem, which is a feedback interconnection of an LTI system G and a
static memoryless nonlinearity ∆ as shown in Figure 3.1. As shown in [14, Section 2], for the
special case of A = 1, B = −α1, C = 1, D = 0, and ∆ = ∇f , it follows that





xk+1 = xk − αuk,

yk = xk,

uk = ∇f(yk).

(4.11)

The closed-loop dynamics of (4.11) is described by xk+1 = xk − α∇f(xk), which is equivalent
to the GD update rule in (4.10). As such, existing control theory results regarding the stability
of Lur’e problems can be applied to analyze the stability of the GD method. Importantly,
within the context of this framework, stability refers to the ℓ2-stability of the interconnected
system, as defined in Definition 2.8.

4.3 Input-Output Stability of Gradient Descent

By modifying the approach in Section 4.2.3, the GD method can be reformulated as the
negative feedback interconnection shown in Figure 3.1, where ∆ = ∇f and G is an LTI
system with minimal realization (A,B,C,D) = (1, α1, 1, 0). Moreover, for the general case of
x∗ ̸= 0, ∆ = ∇f is not a bounded operator as it does not map zero inputs to zero outputs.
Remark 4.3. Similar to [10], a state shifting argument is used such that ∆ in Figure 3.1
maps u2 to y2 as yk

2 = ∇f(uk
2 + x∗). It follows that for uk

2 = 0, yk
2 = ∇f(x∗) = 0. Moreover,
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yk
2 = ∇f(uk

2 + x∗)

ξk+1 = ξk + αuk
1

yk
1 = ξk

yk
1

+

uk
1

uk
2 yk

2

− rk1+

rk2
+

Gradient Descent Controller GGD

Nonlinearity ∆

Figure 4.3: The negative feedback interconnection of the GD controller, GGD, and the
nonlinearity ∆, being the shifted gradient that maps zero inputs to zero outputs.

yk
2 = ∇f(uk

2 + x∗)

ξk+1 = ξk + αuk
1

yk
1 = ξk

D1

D1

yk
2

−
uk
1

+
yk
1

uk
2

+

++ +

rk1
+

r̄k2
+

Modified Gradient Descent Controller ḠGD

Modified Nonlinearity ∆̄

Figure 4.4: Loop transformation of the negative feedback interconnection representation of
the GD method in Figure 4.3. The loop transformation introduces a feedthrough term D1,
resulting in the modified GD controller ḠGD, the modified nonlinearity ∆̄, and r̄k2 = rk2 −Drk1.

using the shifted state ξk = xk − x∗, the system G in Figure 3.1 can be represented as

ξk+1 = Aξk + Buk
1, (4.12a)

yk
1 = Cξk + Duk

1. (4.12b)

Finally, the GD update rule in (4.10) can then be written in the form of (4.12) with
minimal realization (A,B,C,D) = (1, α1, 1, 0) as shown in Figure 4.3. Additionally, the
convergence rate of the GD method becomes analogous to the rate at which yk

1 = ξk → 0.
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4.3.1 Loop Transformation

The GD controller GGD, shown in Figure 4.3, is strictly proper, since D = 0. However, a
discrete-time system of the form (4.12) with D = 0 can never be passive [36, Remark 2.7].
Therefore, to analyze the passivity of GGD, the loop transformation in Figure 4.4 is per-
formed, effectively introducing a constant feedthrough term D = D1, where D ∈ R>0. This
feedthrough term results in the modified GD controller ḠGD with a minimal realization
(A,B,C,D) = (1, α1, 1, D1).
Remark 4.4. This loop transformation does not change the closed-loop dynamics of the
system, meaning Figure 4.4 still represents the GD method with update rule (4.10).

Within the context of convex constrained optimization problems, similar loop transforma-
tion techniques have been used in [11, 37] to analyze the stability of discrete-time alternating
direction method of multipliers (ADMM) and primal-dual algorithms, respectively.

To guarantee the input-output stability of the negative feedback interconnection in
Figure 4.4 using the passivity theorem, it is sufficient to find conditions under which the
modified GD controller ḠGD is passive and the modified nonlinearity ∆̄ is VSP.

4.3.2 Passivity of the Modified Gradient Descent Controller

In this subsection, the sufficient amount of the feedthrough term D required to render ḠGD

passive is shown to be directly related to the step size α.
Lemma 4.1 ([1, Lemma 2]). The modified GD controller ḠGD in Figure 4.4 is passive if and
only if D ≥ α/2 > 0.

Proof. Substituting the minimal realization of ḠGD into (3.1) yields

M =

[
0 αP − 1

αP − 1 α2P − 2D1

]
.

From Theorem 2.1, M ⪯ 0 if and only if

αP − 1 = 0, α2P − 2D1 ⪯ 0. (4.13)

From (4.13), it follows that P = 1
α

1 and D ≥ α/2, for α ∈ R>0. Finally, Lemma 3.1 in tandem
with Remark 3.1 concludes that ḠGD is passive if and only if D ≥ α/2, for α ∈ R>0.

4.3.3 Passivity of the Modified Nonlinearity

In this subsection, an upper bound on the feedback term D is derived such that the modified
nonlinearity ∆̄ has certain passivity properties. Firstly, it is shown that for f ∈ Sm,L, the
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∆

D1

uk

+

ūk = uk −Dyk

+
yk

∆̄

Figure 4.5: A discrete-time system ∆̄, composed of the positive feedback interconnection of
a VSP system ∆, and the feedback term D1.

sector-bound condition in (4.4) leads to ∆ being VSP.
Lemma 4.2 ([1, Lemma 3]). Consider a function f ∈ Sm,L with m,L ∈ R>0, such that
m ≤ L, and its unique global minimizer x∗. The operator ∆ in Figure 4.3 mapping uk

2 to yk
2

as yk
2 = ∇f(uk

2 + x∗) is VSP with

ε =
1

m+ L
> 0, δ =

mL

m+ L
> 0. (4.14)

Proof. For a given discrete time interval T = {0, 1, . . . , T − 1}, with T ∈ Z>0, consider the
iterates

{
yk
2

}
obtained from the operator ∆, such that yk

2 = ∇f(uk
2 + x∗). For f ∈ Sm,L, the

sector-bound inequality in (4.4) can be written as

⟨uk
2, yk

2⟩ ≥
mL

m+ L
∥uk

2∥22 +
1

m+ L
∥yk

2∥22, (4.15)

for all uk
2 ∈ Rn and k ∈ T . Summing (4.15) over k ∈ T and defining ε and δ as per (4.14), it

follows that
∑

k∈T

⟨uk
2, yk

2⟩ = ⟨y2, u2⟩T ≥ δ∥u2∥22T + ε∥y2∥22T ,

for all u ∈ ℓ2e and T ∈ Z>0. Therefore, ∆ is VSP with ε, δ ∈ R>0 and β = 0.

Remark 4.5. Using a similar approach as in Lemma 4.2, it follows from Equation (4.7) that
for a function f ∈ S0,L, the operator ∆ is OSP with

ε =
1

L
> 0. (4.16)

What remains is to derive an upper bound on D to ensure the positive feedback inter-
connection of ∆ and D1 as per Figure 4.5 results in a system ∆̄ with certain passivity
properties.
Lemma 4.3. [1, Lemma 4] Consider a VSP system ∆ with ε and δ in (4.14) and β = 0.
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Given a feedback term D1 with D ∈ R>0, if D < 1/L, the positive feedback interconnection
of ∆ and D1 results in a VSP system ∆̄.

Proof. From the VSP property of ∆, it follows that

⟨u, y⟩T ≥ δ∥u∥22T + ε∥y∥22T , ∀u ∈ ℓ2e, ∀T ∈ Z>0. (4.17)

Adding and subtracting the terms δD2∥y∥22T and 2δD ⟨u, y⟩T from (4.17) and completing the
square, it follows that

⟨u, y⟩T ≥ δ∥ū∥22T +
(
ε− δD2

)
∥y∥22T + 2δD ⟨u, y⟩T , (4.18)

where ūk = uk −Dyk. Rearranging (4.18) and collecting similar terms yields

(1− 2δD) ⟨u, y⟩T ≥ δ∥ū∥22T +
(
ε− δD2

)
∥y∥22T .

For 1− 2δD > 0, it follows that

⟨u, y⟩T ≥ δ

1− 2δD
∥ū∥22T +

(ε− δD2)

1− 2δD
∥y∥22T . (4.19)

Subtracting D∥y∥22T from both sides of (4.19) and combining similar terms results in

⟨ū, y⟩T ≥ δ

1− 2δD
∥ū∥22T +

(ε−D + δD2)

1− 2δD
∥y∥22T

= δ̄∥ū∥22T + ε̄∥y∥22T ,

where δ̄ = δ/(1− 2δD) and ε̄ = (ε−D+ δD2)/(1− 2δD). For ∆̄ to be VSP with ε̄, δ̄ ∈ R>0,
it is required that

D <
1

2δ
, 0 < ε−D + δD2. (4.20)

Note, D∗ = 1/(2δ) is the unique global minimum of the quadratic equation 0 = ε−D + δD2.
Substituting ε = 1/(m+ L) and δ = mL/(m+ L) into (4.20), it follows that

D <
m+ L

2mL
, 0 <

1

m+ L
−D +

mL

m+ L
D2. (4.21)

The roots of the quadratic equation (4.21) are r1 = 1/L and r2 = 1/m. For m ≤ L, it
follows that r1 ≤ D∗ ≤ r2, where equality is achieved for m = L. For D < r1 = 1/L, both
inequalities in (4.21) are satisfied, and therefore, the positive feedback interconnection of ∆
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and D1 results in a VSP system ∆̄, with ε̄, δ̄ ∈ R>0.

Lemma 4.4. [1, Lemma 5] Consider a VSP system ∆ with ε and δ in (4.14) and β = 0.
Given a feedback term D1 with D ∈ R>0, if D = 1/L and m < L, the positive feedback
interconnection of ∆ and D1 results in an ISP system ∆̄.

Proof. The proof follows similar to Lemma 4.3, with the only difference being that for ∆̄ to
be ISP, with δ̄ ∈ R>0 and ε̄ = 0, it is required that

D <
m+ L

2mL
, 0 =

1

m+ L
−D +

mL

m+ L
D2. (4.22)

As such, for D = r1 = 1/L, both conditions in (4.22) are satisfied.

Note, Lemma 4.3 and Lemma 4.4 consider the case of ∆ being VSP. Herein, a less
restrictive condition is derived for the case of ∆ being OSP.
Lemma 4.5. Consider an OSP system ∆ with ε = 1/L and β = 0. Given a feedback term
D1 with D ∈ R>0, if D < 1/L, the positive feedback interconnection of ∆ and D1 results in
an OSP system ∆̄.

Proof. From the OSP property of ∆, it follows that

⟨u, y⟩T ≥ ε∥y∥22T , ∀u ∈ ℓ2e, ∀T ∈ Z>0. (4.23)

Subtracting the term D∥y∥22T from both sides of (4.23), it follows that

⟨u, y⟩T −D∥y∥22T = ⟨ū, y⟩T ≥ (ε−D) ∥y∥22T . (4.24)

As such, for D < ε, the system ∆̄ is OSP.

4.3.4 Input-Output Stability the Negative Feedback Interconnection

In Section 4.3.2 the sufficient amount of the feedthrough term D required to render ḠGD

passive was shown to be directly related to the step size α. In Section 4.3.3, an upper bound
on D was derived such that the modified nonlinearity ∆̄ has certain passivity properties.
Finally, in this subsection, the input-output stability of the negative feedback interconnection
in Figure 4.4 is established using the passivity theorem.
Theorem 4.2 ([1, Theorem 3]). Consider the negative feedback interconnection representation
of the GD method shown in Figure 4.4, where f ∈ Sm,L with 0 < m ≤ L, and D = α/2.

(i) Provided the step size α ∈ (0, 2
L
) and r1, r̄2 ∈ ℓ2, then y1 +Du1 ∈ ℓ2 and y2 ∈ ℓ2.
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(ii) Additionally, for m < L, provided the step size α ∈
(
0, 2

L

]
, r̄2 = 0, and r1 ∈ ℓ2, then

y1 +Du1 ∈ ℓ2.

Proof. As per Lemma 4.1, ḠGD is passive if and only if 0 < α/2 ≤ D. Moreover, for f ∈ Sm,L,
provided D < 1/L, ∆̄ is VSP, as per Lemma 4.3. It follows that for D = α/2 with α ∈ (0, 2/L),
ḠGD is passive and ∆̄ is VSP. The proof of (i) then follows from Theorem 3.2. Furthermore,
assuming m < L and D = α/2 = 1/L, ∆̄ is ISP, as per Lemma 4.4. Consequently, the
proof of (ii) then follows from Theorem 3.1-(i), where for α = 2/L, ∆̄ is ISP and ḠGD is
passive.

Note, Theorem 4.2 establishes the input-output stability of the gradient descent algorithm
for the case of f ∈ Sm,L with 0 < m ≤ L. Herein, a similar result is derived for the case of
f ∈ S0,L with L > 0.
Theorem 4.3. Consider the negative feedback interconnection representation of the GD
method shown in Figure 4.4, where f ∈ S0,L with 0 < L, and D = α/2. Provided the step
size α ∈ (0, 2

L
), r1 = 0, and r̄2 ∈ ℓ2, then y2 ∈ ℓ2.

Proof. As per Lemma 4.5, provided D < 1/L, ∆̄ is OSP. The result then follows from
Theorem 3.1-(ii), where for α ∈ (0, 2/L), ḠGD is passive and ∆̄ is OSP.

4.4 Discussion

The passivity-based analysis presented in Section 4.3 decouples the stability analysis of the
GD controller from the properties of the objective function. Notice, Lemma 4.1 provides a
lower bound on the feedthrough term D and dictates the necessary and sufficient condition for
the controller to be passive. On the other hand, using the sector-bounds of the nonlinearity
∆, Lemmas 4.2, 4.4 and 4.5 provide an upper bound on the feedback term D. Therefore,
for a function f ∈ Sm,L with 0 < m ≤ L, the passivity-based analysis of other first-order
optimization algorithms can be approached as follows:

1. Cast the algorithm as an LTI controller in negative feedback with a static memoryless
nonlinearity as per Figure 4.3.

2. Using the minimal realization of the controller, determine the lower bound on the
feedthrough term D by solving the linear matrix inequality (LMI) in (3.1).

3. Determine the bounds on the algorithm’s step size(s) that guarantee the feedthrough
term D is within the bounds provided by Lemmas 4.3 and 4.4. Consequently, use the
appropriate passivity theorem to guarantee the input-output stability of the algorithm.
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Table 4.1: Summary of the Input-Output Stability Theorems for the GD Method.

Function Class Sector Bounds Condition Guarantee
Theorem 4.2-(i) f ∈ Sm,L 0 < m ≤ L α ∈ (0, 2

L
) (4.25) & (4.26)

Theorem 4.2-(ii) f ∈ Sm,L 0 < m < L α = 2
L

(4.26)
Theorem 4.3 f ∈ S0,L 0 < L α ∈ (0, 2

L
) (4.25)

4.4.1 Interpretation of Input-Output Stability

To draw a connection between the input-output stability of the negative feedback intercon-
nection in Figure 4.4 and the convergence of the GD method in (4.10), it is assumed that
rk1 = rk2 = 0 for all k ∈ Z≥0. Moreover, the following useful property of ℓ2 signals is used.
Remark 4.6. If ξ ∈ ℓ2, then ξk → 0 as k → ∞ [28].

Consider the negative feedback interconnection in Figure 4.4 where yk
2 is the output of

the modified nonlinearity ∆̄ and yk
1 +Duk

1 is the output of the modified GD controller ḠGD.
If y2 ∈ ℓ2 it follows that

yk
2 = ∇f(ξk + x∗) = ∇f(xk) → 0. (4.25)

Similarly, y1 +Du1 ∈ ℓ2 implies that

xk −D∇f(xk) → x∗. (4.26)

Note (4.25) implies that xk → x∗, since x∗ is assumed to be the unique point such that
∇f(x∗) = 0. By contrast, (4.26) alone guarantees neither xk → x∗ nor ∇f(xk) → 0 as
k → ∞. Using the relations (4.25) and (4.26), the passivity-based analysis of the GD method
presented in Section 4.3 is summarized in Table 4.1.

Firstly, both Theorem 4.2-(i) and Theorem 4.3 guarantee the global convergence of
the GD method for α ∈ (0, 2

L
) via (4.25). However, unlike Theorem 4.2-(i), Theorem 4.3

does not require knowledge of the lower sector bound m. Therefore, Theorem 4.3 can
guarantee the global convergence of the GD method for f being convex and L-smooth,
whereas Theorem 4.2-(i) further requires f to be m-strongly convex. This result is consistent
with Polyak’s convergence analysis of the GD method in Theorem 4.1, where f is only
assumed to be L-smooth and bounded from below. For f ∈ Fm,L, this convergence region
is also obtained within the framework of equilibrium-independent dissipativity (EID) with
quadratic supply rates in [38, Example 5.4].

Secondly, Theorem 4.2-(ii) considers the case where α = 2
L

and can only guarantee (4.26).
The example below highlights the significance of this result.
Example 4.2. Inspired by the counter example provided in [35], consider the objective
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function f(x) = 1
2
xTAx, where x = [x1 x2]

T, A = diag(m,L), and m < L. It can be shown
that f ∈ Fm,L, and therefore, f ∈ Sm,L. Given x0 ∈ R2, the first iteration of the GD method
in (4.10) with α = 2/L yields

x1 = x0 − 2

L
∇f(x0) = x0 − 2

L

[
m 0

0 L

]
x0 =

[
L−2m

L
x0
1

−x0
2

]
.

Notice xk+1
2 = (−1)k+1xk

2, for k ∈ Z≥0, signifying the oscillatory behavior of the series of
iterations {xk

2}. As such, the GD method with α = 2/L does converge to the optimal solution
x∗
2 = 0. However, given that D = α/2 = 1/L, (4.26) still holds since xk

2−(1/L)(Lxk
2) = x∗

2 = 0.
This means that (4.26) can still be used to obtain the optimal solution x∗

2 even though the
series of iterations {xk

2} does not converge to x∗
2.

As shown in Example 4.2, (4.26) can be used to obtain the optimal solution even when
the series of iterations does not converge. As such, (4.26) can be interpreted as an additional
stopping criterion for the GD method. To this end, it follows from (4.26) that

(
xk −D∇f(xk)

)
−
(
xk−1 −D∇f(xk−1)

)
→ 0. (4.27)

Since D = α/2, substituting the GD update rule (4.10) into (4.27) and simplifying yields
∇f(xk) +∇f(xk−1) → 0. As such, in practice, the stopping criterion

∥∥∇f(xk) +∇f(xk−1)
∥∥2
2
< ϵ,

for an arbitrarily small ϵ ∈ R>0, can be used to verify the relation in (4.26).

4.5 Closing Remarks

This chapter presented a discrete-time passivity-based analysis of the GD method. For an
objective function with sector-bounded gradient and a unique global minimizer, f ∈ Sm,L,
it is shown that the shifted gradient ∆ is VSP for 0 < m and OSP for m = 0. Using
a loop transformation, it is shown that the GD method can be interpreted as a passive
controller in negative feedback with a VSP system, provided α ∈ (0, 2/L). The input-output
stability, as well as the global convergence, of the GD method is then guaranteed using the
strong version of the passivity theorem. Moreover, this chapter relaxes the assumptions
in [1] by guaranteeing the global convergence of the GD method for f ∈ S0,L with L > 0

and α ∈ (0, 2/L). Furthermore, provided m < L, it is shown that for α = 2/L, the passive
GD controller is now in negative feedback with an ISP system instead. Therefore, the weak
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passivity theorem is used to guarantee the input-output stability of the GD method. For this
larger choice of step size, Polyak’s counter example in [35] is revisited, and a new stopping
criterion is proposed to ensure the GD method can still be used to obtain the unique global
minimizer.
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Chapter 5

Input-Output Stability of
Momentum-Based Methods: A

Passivity-Based Approach

5.1 Overview

This chapter extends the passivity-based analysis of the gradient descent method presented
in Chapter 4 to popular first-order momentum-based methods. For each algorithm, a loop
transformation is performed, resulting in the corresponding modified momentum-based
controllers, Ḡ. The main objective of this chapter is to determine the lower bound on
the feedthrough term of Ḡ to ensure its passivity. Importantly, for f ∈ S0,L, the analysis
for the upper bound on the feedthrough term remains unchanged. As such, the proposed
passivity-based analysis guarantees the global convergence of the momentum-based methods
for a broader class of functions than those considered in the literature.

5.2 Preliminaries

This section reviews popular first-order momentum-based methods and their control interpre-
tation. Over the years, many variations of the GD method have been proposed to improve
its convergence rate when solving the unconstrained optimization problem in (4.9). One
such variation are the momentum-based methods, which incorporate a momentum terms
to accelerate convergence. Examples of famous momentum-based methods include Polyak’s
heavy ball (HB) method [6],

xk+1 = (1 + β)xk − βxk−1 − α∇f(xk), (5.1)
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yk
2 = ∇f(uk

2 + x∗)

ξk+1 = Aξk + Buk
1

yk
1 = Cξk + Duk

1

yk
1

+

uk
1

uk
2 yk

2

− rk1+

rk2
+

Controller G

Nonlinearity ∆

Figure 5.1: The negative feedback interconnection of the controller, G, and the nonlinearity
∆, being the shifted gradient that maps zero inputs to zero outputs.

and Nesterov’s accelerated gradient (NAG) method [7],

xk+1 = yk − α∇f(yk),

yk = (1 + β)xk − βxk−1,
(5.2)

where α, β ∈ R>0 are the step size and momentum parameters, respectively.
More generally, as discussed in [15], many momentum-based methods can be written using

the recursion

xk+1 = (1 + β)xk − βxk−1 − α∇f(yk),

yk = (1 + γ)xk − γxk−1,

ζk = (1 + δ)xk − δxk−1,

(5.3)

where x ∈ ℓ2e is the internal state, the gradient is applied to the intermediate variable y ∈ ℓ2e,
and the output is ζ ∈ ℓ2e. The parameters α ∈ R>0 is the step size, while β, γ, δ ∈ R≥0 are
the momentum parameters.

For f ∈ Fm,L, where κ = L/m is the condition number, the triple momentum (TM)
method [15] is defined by (5.3) with

(α, β, γ, δ) =

(
1 + ρ

L
,

ρ2

2− ρ
,

ρ2

(1 + ρ)(2− ρ)
,

ρ2

1− ρ2

)
, (5.4)

where ρ = 1 − 1/
√
κ. Note, ζ is only an output mapping of the internal state x and does

not affect the recursion. Therefore, the remainder of this chapter focuses on the reduced
two-state system in x and y.
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Table 5.1: Minimal Realization of G for Momentum-Based Methods.

GHB GNAG GTM


(1 + β)1 −β1 α1
1 0 0
1 0 0







(1 + β)1 −β1 α1
1 0 0

(1 + β)1 −β1 0







(1 + β)1 −β1 α1
1 0 0

(1 + γ)1 −γ1 0




5.2.1 Control Interpretation of Momentum-Based Methods

To express the momentum-based methods introduced in this section using the negative
feedback interconnection in Figure 5.1, consider the augmented state

ξk =

[
xk − x∗

xk−1 − x∗

]
, (5.5)

where x∗ is the unique minimizer of f . As such, the recursion in (5.3) can be written as

ξk+1 =

[
(1 + β)1 −β1

1 0

]
ξk +

[
α1
0

]
uk
1,

yk
1 =

[
(1 + γ)1 −γ1

]
ξk,

(5.6)

Following (5.6), the minimal realization of the controller G in Figure 5.1 for the HB, NAG,
and TM methods is given in Table 5.1. Note that for γ = 0 and γ = β, the TM controller
reduces to the HB and NAG controllers, respectively. Moreover, for β = γ = 0, HB, NAG,
and TM controllers reduce to the GD controller, with minimal realization (A,B,C,D) =

(1, α1, 1, 0).
Again, the controllers in Table 5.1 are strictly proper (D = 0). Therefore, to apply the

passivity-based analysis proposed in Section 4.3, the loop transformation in Figure 5.2 is
performed. Notably, the resulting modified controller Ḡ has the same minimal realization as
G, but with a non-zero D = D1. As such, the remainder of this chapter determines the lower
bound on the feedthrough term D to render each modified controller ḠHB, ḠNAG, and ḠTM

passive.

5.3 Passivity of Modified Momentum-Based Controllers

In Lemma 4.1, it was shown that ḠGD in Figure 4.4 is passive if and only if D ≥ α/2. This
section provides similar lower bounds on the feedthrough term D for the HB, NAG, and TM
controllers in Table 5.1.
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2 + x∗)
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1

yk
1 = Cξk

D1

D1

yk
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−
uk
1

+
yk
1

uk
2

+

++ +

rk1
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+

Modified Controller Ḡ

Modified Nonlinearity ∆̄

Figure 5.2: Loop transformation of the negative feedback interconnection in Figure 5.1. The
loop transformation introduces a feedthrough term D1, resulting in the modified controller
Ḡ, the modified nonlinearity ∆̄, and r̄k2 = rk2 −Drk1.

5.3.1 Modified Heavy Ball Controller

For simplicity, consider the scalar case of x ∈ R such that the minimal realization of the
modified HB controller ḠHB in Figure 4.4 is given by

ḠHB
min∼




1 + β −β α

1 0 0

1 0 D


 , (5.7)

for α, β,D ∈ R>0. For a brief justification of this simplification, refer to Appendix B.
Lemma 5.1. The modified HB controller ḠHB in Figure 5.2 is passive if D ≥ α(1+β)

2(1−β)2
and

β < 1.

Proof. Following Lemma 4.1 and Remark 3.1, the modified HB controller ḠHB is passive if
and only if

∃P =

[
p1 p2

∗ p3

]
∈ S2

++, (5.8)

such that

M =



p3 − p1 + 2p2(β + 1) + p1(β + 1)2 ∗ ∗

−(p2 + βp1)(β + 1) β2p1 − p3 ∗
α(p2 + p1(β + 1))− 1 −αβp1 α2p1 − 2D


 ∈ S3

−. (5.9)

30



Applying the principal minor test in Theorem 2.1, it follows that P ∈ S2
++ if and only if

p1 > 0, p3 > 0, p1p3 > p22. (5.10)

Similarly, M ∈ S3
− if and only if

2p2 + p3 + 2βp1 + 2βp2 + β2p1 ≤ 0, (5.11a)

β2p1 ≤ p3, (5.11b)

α2p1 ≤ 2D, (5.11c)

p2 + p3 + βp1 + βp2 = 0, (5.11d)

α2(p21 + p22 − p1p3) + 2D
(
2p2 + p3 + 2β(p1 + p2) + β2p1

)
+ 1 ≤ 2α(p2 + p1 + βp1), (5.11e)

α2p1p3 ≤ 2D
(
p3 − β2p1

)
, (5.11f)

α2(p21p3 − p1p
2
2 − p1p

2
3 + p22p3)− 2α(βp1p2 + βp1p3 + p1p3 + p2p3)− β2p1 + p3

+2D
(
β2(p21 + 2p1p2 + p22) + 2β(p1p2 + p1p3 + p22 + p2p3) + p22 + 2p2p3 + p23

)
≤ 0.

(5.11g)

Note, since the goal is to establish a lower bound on D, the inequalities (5.11c) and (5.11f)
are particularly useful. Firstly, from (5.11c), if D = α2p1/2, it can be shown that (5.11f)
leads to a contradiction, since p1, α ∈ R>0. As such,

α2p1 < 2D. (5.12)

Moreover, from (5.11b), if p3 = β2p1, again, it can be shown that (5.11f) leads to a contradic-
tion. Therefore, it follows that

β2p1 < p3. (5.13)

Using (5.13) and (5.11f), assume

D =
α2p1p3

2(p3 − β2p1)
. (5.14)

Substituting (5.14) into (5.11g) and completing the square yields

(
p3 − β2p1

)(
β2p1 − p3 + αp1p3 + αp2p3 + αβp1p2 + αβp1p3

)2 ≤ 0. (5.15)

From (5.13) and (5.15), it follows that

β2p1 − p3 + αp1p3 + αp2p3 + αβp1p2 + αβp1p3 = 0. (5.16)
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Solving for p2 in (5.16) yields

p2 =
1

α
− p1(β + 1) +

βp1(αp1 − 1)(β + 1)

α(p3 + βp1)
. (5.17)

Substituting (5.17) into (5.11d) and rearranging yields

(p3 − β2p1)(β − αp1 + αp3 + 1)

α(p3 + βp1)
= 0. (5.18)

From (5.13) and (5.18), it follows that

β − αp1 + αp3 + 1 = 0. (5.19)

Solving for p1 from (5.19) yields

p1 =
1 + β

α
+ p3. (5.20)

Substituting (5.20) into (5.13), it follows that

β3 + β2 < αp3
(
1− β2

)
. (5.21)

Assuming β < 1, from (5.21), it follows that

β2

α(1− β)
< p3. (5.22)

Similarly, it can be shown that (5.12) and (5.13) are also satisfied, provided (5.22) holds.
Moreover, substituting (5.17) and (5.20) into (5.11a) and collecting the p3 terms yields the
following quadratic inequality

c1p
2
3 + c2p3 + c3 ≤ 0, (5.23)

where

c1 = −4α2(1− β)(β + 1)2, c2 = 4αβ(2β − 1)(β + 1)2, c3 = 4β3(β + 1)2. (5.24)

The roots of (5.23) are given by

r1 = −β

α
, r2 =

β2

α(1− β)
. (5.25)

Since c1 < 0, and to satisfy p3 > 0, it follows from (5.23) that r2 ≤ p3. Therefore, the
condition in (5.22) also ensures that (5.23) is satisfied. What remains is to find an expression
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for D in terms of α and β. Substituting (5.20) into (5.14) yields

D =
α2p3(β + αp3 + 1)

2(β + 1)(αp3(1− β)− β2)
. (5.26)

It can be shown that for
p3 =

β(1 + β)

α(1− β)
, (5.27)

D in (5.26) is minimized and given by

D =
α(1 + β)

2(1− β)2
. (5.28)

As such, for

p1 =
1 + β

α(1− β)
, p2 = − 2β

α(1− β)
, p3 =

β(1 + β)

α(1− β)
, D =

α(1 + β)

2(1− β)2
, (5.29)

and β < 1, there exists a P ∈ S2
++ such that M ∈ S3

−. For completeness, the eigenvalues of P
are given by

λ1,2(P) =
1

2α(1− β)

(
(1 + β)2 ±

√
β4 + 14β2 + 1

)
. (5.30)

Moreover, for D = α(1+β)

2(1−β)2
, the eigenvalues of M are given by

λ1(M) = 0, λ2(M) = 0, λ3(M) = −β(1 + β)
(
2(1− β)2 + α2

)

α(1− β)2
. (5.31)

5.3.2 Modified Nesterov’s Accelerated Gradient Controller

For simplicity, consider the scalar case of x ∈ R such that the minimal realization of the
modified NAG controller ḠNAG in Figure 4.4 is given by

ḠNAG
min∼




1 + β −β α

1 0 0

1 + β −β D


 , (5.32)

for α, β,D ∈ R>0.
Lemma 5.2. The modified NAG controller ḠNAG in Figure 5.2 is passive if D ≥ α + α(3β−1)

2(1−β)2

and β < 1.
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Proof. Similar to the proof of Lemma 5.1, it can be shown that for

p1 =
1 + β2

α(1− β)
, p2 = −β(1 + β)

α(1− β)
, p3 =

2β2

α(1− β)
, D = α+

α(3β − 1)

2(1− β)2
, (5.33)

and β < 1, there exists a P ∈ S2
++ such that M ∈ S3

−. Again, for completeness, the eigenvalues
of P are given by

λ1,2(P) =
1

2α(1− β)

(
3β2 + 1± (1 + β)

√
5β2 − 2β + 1

)
. (5.34)

Moreover, for D = α+ α(3β−1)

2(1−β)2
, the eigenvalues of M are given by

λ1(M) = 0, λ2(M) = 0, λ3(M) = −β2(1 + β)
(
2(1− β)2 + α2

)

α(1− β)2
. (5.35)

5.3.3 Modified Triple Momentum Controller

Again, consider the scalar case of x ∈ R such that the minimal realization of the modified
TM controller ḠTM in Figure 4.4 is given by

ḠTM
min∼




1 + β −β α

1 0 0

1 + γ −γ D


 , (5.36)

for α, β, γ,D ∈ R>0.
Lemma 5.3. The modified TM controller ḠTM in Figure 5.2 is passive if

D ≥





α(2γ + 1)

2(β + 1)
, β <

γ

γ + 1
,

α

(1− β)2
− α(2γ + 1)

2(1− β)
,

γ

γ + 1
< β < 1.

(5.37)

Proof. Following Lemma 4.1 and Remark 3.1, the modified NAG controller ḠNAG is passive
if and only if

∃P =

[
p1 p2

∗ p3

]
∈ S2

++, (5.38)
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such that

M =



p3 − p1 + 2p2(β + 1) + p1(β + 1)2 ∗ ∗

−(p2 + βp1)(β + 1) β2p1 − p3 ∗
α(p2 + p1(β + 1))− γ − 1 γ − αβp1 α2p1 − 2D


 ∈ S3

−. (5.39)

Applying the principal minor test in Theorem 2.1, it follows that P ∈ S2
++ if and only if

p1 > 0, p3 > 0, p1p3 > p22. (5.40)

Similarly, M ∈ S3
− if and only if

2p2 + p3 + 2βp1 + 2βp2 + β2p1 ≤ 0, (5.41a)

β2p1 ≤ p3, (5.41b)

α2p1 ≤ 2D, (5.41c)

p2 + p3 + βp1 + βp2 = 0, (5.41d)

α2(p21 + p22 − p1p3) + 2D
(
2p2 + p3 + 2β(p1 + p2) + β2p1

)
+ 1

−γ(2α(p1 + βp1 + p2)− γ − 2) ≤ 2α(p2 + p1 + βp1),
(5.41e)

γ2 − 2αβγp1 + α2p1p3 ≤ 2D
(
p3 − β2p1

)
, (5.41f)

α2(p21p3 − p1p
2
2 − p1p

2
3 + p22p3)− β2p1 + p3 + 2γ(p2 + p3 + β(p1 + p2))

−2α
(
βp1p2 + βp1p3 + p1p3 + p2p3 + γ

(
p22 + p1p2 + p1p3 + p2p3 + β(p1 + p2)

2))

+2D
(
β2(p21 + 2p1p2 + p22) + 2β(p1p2 + p1p3 + p22 + p2p3) + p22 + 2p2p3 + p23

)
≤ 0.

(5.41g)

From p1p3 > p22, (5.41b) and (5.41d), it can be shown that β2p1 = p3 leads to a contradiction.
As such, it follows that

β2p1 < p3. (5.42)

Here, contrary to Lemma 5.1 and Lemma 5.2, the equality of (5.41c) does not lead to a
contradiction. Consider the case where D = α2p1/2. Assuming β < γ

1+γ
, it can be shown

that for

p1 =
γ

αβ
, p2 =

β − γ

αβ
, p3 =

γ − β − β2

αβ
, D =

αγ

2β
, (5.43)

there exists a P ∈ S2
++ such that M ∈ S3

−.
Now, from (5.41f), consider the case where γ2 − 2αβγp1 + α2p1p3 = 2D(p3 − β2p1). It

follows that
γ2 − 2αβγp1 + α2p1p3

2(p3 − β2p1)
= D. (5.44)
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Moreover, from (5.41d), it follows that

p2 = −p3 + βp1
1 + β

. (5.45)

Substituting (5.44) and (5.45) into (5.41g) and completing the square yields

(
p3 − β2p1

)
(β − αp1 + αp3 + 1)2 ≤ 0. (5.46)

As per (5.42), p3 − β2p1 > 0. Consequently, (5.46) implies that

β − αp1 + αp3 + 1 = 0. (5.47)

Rearranging (5.47) yields

p1 =
1 + β

α
+ p3. (5.48)

Assuming β < 1, substituting (5.48) into (5.42), it follows that

β2

α(1− β)
< p3. (5.49)

Moreover, substituting (5.48) into (5.44) yields

D =
−α3p23 + (2βγ − 1− β)α2p3 + (2β2 + 2β − γ)αγ

2((β2 − 1)αp3 + β3 + β2)
. (5.50)

What remains is to find an expression for p3 such that D is minimized. To this end, the
analysis is split into two cases based on the value of β.

Case 1: β < γ
γ+1

.
It can be shown that for

p3 =
γ − β

α
, (5.51)

D in (5.50) is minimized and given by

D =
α(2γ + 1)

2(β + 1)
. (5.52)

Notably, for β < γ
γ+1

, the D in (5.50) is strictly smaller than that of (5.43). As such, if
β < γ

1+γ
, for

p1 =
1 + γ

α
, p2 = −γ

α
, p3 =

γ − β

α
, D =

α(2γ + 1)

2(β + 1)
, (5.53)
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there exists a P ∈ S2
++ such that M ∈ S3

−. For β < γ
1+γ

and p1, p2, and p3 as in (5.53), the
eigenvalues of P are given by

λ1,2(P) =
1

2α

(
2γ − β + 1±

√
β2 + 2β + 4γ2 + 1

)
. (5.54)

Moreover, for D = α(2γ+1)
2(β+1)

, the eigenvalues of M are given by

λ1(M) = 0, λ2(M) = 0, λ3(M) =
(β − γ + βγ)(α2 + 2(1 + β)2)

α(β + 1)
. (5.55)

Case 2: γ
γ+1

< β < 1.
Similar to Case 1, it can be shown that for

p3 =
β − γ + βγ + β2

α(1− β)
, (5.56)

D in (5.50) is minimized and given by

D =
α

(1− β)2
− α(2γ + 1)

2(1− β)
. (5.57)

As such, if γ
γ+1

< β < 1, for

p1 =
2

α(1− β)
− 1 + γ

α
, p2 =

2 + γ

α
− 2

α(1− β)
, p3 =

β − γ + βγ + β2

α(1− β)
,

D =
α

(1− β)2
− α(2γ + 1)

2(1− β)
,

(5.58)

there exists a P ∈ S2
++ such that M ∈ S3

−. For β < γ
1+γ

and p1, p2, and p3 as in (5.53), the
eigenvalues of P are given by

λ1,2(P) =
2(β − γ + βγ) + β2 + 1±

√
β4 + 4β2γ2 + 16β2γ + 14β2 − 8βγ2 − 16βγ + 4γ2 + 1

2α(1− β)
.

(5.59)
Moreover, for D = α

(1−β)2
− α(2γ+1)

2(1−β)
, the eigenvalues of M are given by

λ1(M) = 0, λ2(M) = 0, λ3(M) = −(β + 1)(β − γ + βγ)(α2 + 2(1− β)2)

α(1− β)2
. (5.60)
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Table 5.2: Lower Bound on the Feedthrough Term D Needed to Render the Modified First-
Order Optimization Controllers Passive.

ḠGD ḠHB ḠNAG ḠTM

D = α
2 D = α(1+β)

2(1−β)2
D = α+ α(3β−1)

2(1−β)2
D =





α(2γ+1)
2(β+1)

, β < γ
γ+1

,

α
(1−β)2

− α(2γ+1)
2(1−β)

, γ
γ+1

< β.

5.4 Discussion

In Section 5.3, the lower bound on the feedthrough term D needed to render the modified
momentum-based controllers passive were derived. The results of Lemma 4.1, Lemma 5.1,
Lemma 5.2, and Lemma 5.3 are summarized in Table 5.2. Notably, for β = γ = 0, all modified
momentum-based controllers reduce to the modified GD controller, with a lower bound of
D = α/2. Moreover, for γ = 0, the lower bound on D for the modified TM controller reduces
to that of the modified HB controller. Finally, for γ = β, the lower bound on D for the
modified TM controller reduces to that of the modified NAG controller.

5.4.1 Input-Output Stability of Momentum-Based Methods

As discussed in Section 4.4, the advantage of this proposed passivity-based analysis is that it
decouples the stability analysis of the controller from the properties of the objective function.
As such, for a function f ∈ S0,L with 0 < L, the results of Lemma 4.5 can be reused to
guarantee the modified nonlinearity ∆̄ is OSP, provided D < 1/L. What follows is the
extension of Theorem 4.3 to the modified momentum-based controllers in Table 5.1.
Theorem 5.1. Consider the negative feedback interconnection in Figure 5.2, where f ∈ S0,L,
r1 = 0, and r̄2 = 0. The following special cases hold:

(i) For Ḡ = ḠHB, if
α(1 + β)

2(1− β)2
<

1

L
, (5.61)

and β < 1, then ∇f(xk) → 0.
(ii) For Ḡ = ḠNE, if

α +
α(3β − 1)

2(1− β)2
<

1

L
, (5.62)

and β < 1, then ∇f(xk) → 0.
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Table 5.3: Optimal Tuning Parameters of Momentum-Based Methods for f ∈ Fm,L.

Optimal Tuning Parameters

HB α = 4

(
√
L+

√
m)

2 β =
(
√
L−

√
m)

2

(
√
L+

√
m)

2

NAG α = 1
L β =

√
L−

√
m√

L+
√
m

TM α = 2
L
−√ m

L3 β = (
√
L−

√
m)3√

L(L−m)
γ = 5L−m

2L−m+
√
Lm

− 2

(iii) For Ḡ = ḠTM, if




α(2γ + 1)

2(β + 1)
<

1

L
, β <

γ

γ + 1
,

α

(1− β)2
− α(2γ + 1)

2(1− β)
<

1

L
,

γ

γ + 1
< β < 1,

(5.63)

then ∇f(xk) → 0.

Proof. As per Lemma 4.5, provided D < 1/L, ∆̄ is OSP. Moreover, Lemma 5.1, Lemma 5.2,
and Lemma 5.3 provide the lower bounds on D needed to render ḠHB, ḠNAG, and ḠTM passive,
respectively. It follows from Theorem 3.1-(ii) t hat y2 ∈ ℓ2. Therefore, yk

2 = ∇f(ξk + x∗) =

∇f(xk) → 0.

5.4.2 Comparing with Existing Results

The results of Theorem 5.1 provide sufficient conditions for the global convergence of the
modified HB, NAG, and TM methods when f ∈ S0,L. In comparison, [8] states that the
global convergence of the HB method is guaranteed for f ∈ Sm,L with 0 < m < L provided
that

α <





2(1 + β)

L
, β ≤ β̄,

2(1− β)2

(1 + β)(L+m)− 4
√
βLm

, β > β̄,
(5.64)

where β̄ =
(√

L
m
−
√

L
m
− 1
)2

. Notice that as m → 0, β̄ → 0, and (5.64) reduces to (5.61).
As shown in [6, 7, 15], for f ∈ Fm,L with 0 < m ≤ L, the optimal tuning parameters

for HB, NAG, and TM are summarized in Table 5.3. Since Fm,L ⊂ S0,L, it is of interest to
determine for what range of condition numbers, κ = L/m, can Theorem 5.1 guarantee the
global convergence of the HB, NAG, and TM methods using the optimal tuning parameters
in Table 5.3.
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In the case of HB, substituting the optimal tuning parameters into (5.61), it follows that
Theorem 5.1-(i) can only guarantee the global convergence of the HB method if

L

m
= κHB < 3. (5.65)

The bound in (5.65) is more conservative than that of [8, Theorem 1], which guarantees the
global convergence of the HB method for κHB < 3 + 2

√
2, for f ∈ Sm,L. Similarly, for NAG,

substituting the optimal tuning parameters into (5.62), it follows that Theorem 5.1-(ii) can
only guarantee the global convergence of the NAG method if

L

m
= κNAG < 4. (5.66)

Finally, for TM, the optimal tuning parameters in Table 5.3 satisfy the case of γ
1+γ

< β. As
such, it follows that Theorem 5.1-(iii) can only guarantee the global convergence of the TM
method if

L

m
= κTM < 3.66985. (5.67)

Again, the bound in (5.67) is more conservative than that of [8, Theorem 2], which guarantees
the global convergence of the TM method for κTM < 8.1776, for f ∈ Sm,L.

5.5 Closing Remarks

This chapter presented the extension of the passivity-based analysis proposed in Chapter 4
to popular first-order momentum-based methods such as HB, NAG, and TM. Sufficient
conditions for the passivity of the modified momentum-based controllers were analytically
derived. Notably, for β = γ = 0, all modified momentum-based controllers reduced to the
modified GD controller, with a lower bound D = α/2. Moreover, for γ = 0, this bound for
the modified TM controller reduced to that of the modified HB controller. Similarly, for
γ = β, the modified TM controller reduced to that of the modified NAG controller. For
f ∈ S0,L, the proposed passivity-based analysis guarantees the global convergence of the
momentum-based methods for a broader class of functions than previously considered in the
literature. Finally, by taking m → 0, the existing bounds for the global convergence of the
HB method for f ∈ Sm,L with 0 < m < L were shown to recover the proposed bounds for
the modified HB method for f ∈ S0,L with 0 < L.
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Part 2

Gain-Scheduling of QSR-Dissipative
Systems
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Chapter 6

Matrix-Scheduling of QSR-Dissipative
Systems

6.1 Overview

This chapter presents the gain-scheduling of QSR-dissipative systems and first-order opti-
mization algorithms.

First, this chapter presents a generalized matrix-gain-scheduling architecture along with a
detailed discussion on the design and construction of scheduling matrices. The gain-scheduling
results in [21] and [3] are extended by considering the scheduling of a broader class of QSR-
dissipative systems using the proposed matrix-gain-scheduling architecture. The scheduling
of important special cases of QSR-dissipativity, such as passive, ISP, OSP, finite L2 gain,
VSP, and conic systems are shown to result in an overall gain-scheduled system of the same
special case.

Second, leveraging the passivity-based analysis of first-order optimization algorithms
presented in Part 1, a gain-scheduled interpretation is given for first-order optimization
algorithms with varying hyperparameters. Moreover, a new variation of the gradient descent
algorithm is proposed, in which both the input and output of the gradient are scaled. Finally,
the gain-scheduling of passive first-order optimization algorithms is considered, and it is
shown that, provided the scheduling functions satisfy a certain upper bound, the global
convergence of the gain-scheduled algorithm is guaranteed for f ∈ S0,L with 0 < L.

6.2 Preliminaries

This section presents the discrete-time definition of QSR-dissipative systems, where the trun-
cated inner product is defined over the discrete-time interval T = {0, 1, . . . , T − 1} for T ∈ Z>0.
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6.2.1 Characterization of QSR-Dissipativity

Dissipative systems theory [31] is a general and broadly applicable systems theoretic framework
that characterize a dynamical system by its input-output behavior, and it strongly relates to
Lyapunov and L2 stability theories [39]. As discussed in [40], the input-output dissipativity
theory in [5, 30] is an extension of classical Lyapunov based dissipativity theory in [31, 41],
where a priori information between input and output variables is not distinguished. Through
the introduction of a storage function, these two approaches were unified in [42]. One such
class of storage functions are quadratic supply rate (QSR) functions, which are used to
analyze the stability of interconnected systems [41, 43]. A special case of QSR-dissipativity
for square systems, whose inputs and outputs have the same dimension, is passivity. Over
the years, passivity and dissipativity have seen a wide range of applications, including
exponential stabilization of dynamical systems [44], analysis of event-triggered networked
control systems [45], synchronization of neural networks [46], and control of Euler–Lagrange
systems [47], flexible multi-link manipulators [48], and delayed teleoperations [49]. The
following definition characterizes QSR-dissipativity of a discrete-time system.
Definition 6.1 (QSR-Dissipativity [21, 31, 41]). Consider a causal discrete-time system,
G : ℓ2e → ℓ2e, defined by

x(t+ 1) = f(x(t),u(t)), y(t) = h(x(t),u(t)), (6.1)

where x ∈ Rnx , y ∈ Rny , and u ∈ Rnu . The system G is QSR-dissipative with matrices
Q ∈ Sny , S ∈ Rny×nu , and R ∈ Snu if for all u ∈ ℓ2e and T ∈ Z>0 there exists a storage
function V : Rnx → R≥0 such that

⟨y,Qy⟩T + 2 ⟨y,Su⟩T + ⟨u,Ru⟩T ≥ V (x(T ))− V (x(0)). (6.2)

The special cases of QSR-dissipativity are
• passive if Q = 0, S = 1

2
1, and R = 0,

• ISP if Q = 0, S = 1
2
1, and R = −δ1, where δ ∈ R>0,

• OSP if Q = −ε1, S = 1
2
1, and R = 0, where ε ∈ R>0,

• finite ℓ2 gain if Q = −1, S = 0, and R = γ21, where γ ∈ R>0,
• VSP if Q = −ε1, S = 1

2
1, and R = −δ1, where δ, ε ∈ R>0, and

• conic if Q = −1, S = a+b
2

1 = c1, and R = −ab1 = (r2 − c2)1, where a, b ∈ R represent
lower and upper conic bounds, while c ∈ R and r ∈ R>0 represent the center and radius
of the conic sector, respectively.
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Figure 6.1: Gain-scheduled system Ḡ, composed of N parallel QSR-dissipative subsystems.
The input and output of each subsystem are scheduled as per (6.3) via the matrix multiplication
between the scheduling matrices Φu,i(t) and Φy,i(t), and their corresponding signals u(t) and
yi(t), respectively.

6.3 Matrix-Gain-Scheduling Architecture

This section considers the matrix-gain-scheduling architecture in Figure 6.1, where the
scheduling functions to be designed take the form of scheduling matrices, allowing for greater
design freedom compared to the scalar scheduling signals in [2, 17–22, 50].

6.3.1 Input-Output Mapping

Consider the discrete-time gain-scheduled system, Ḡ, in Figure 6.1, composed of N parallel
QSR-dissipative subsystems, G1, . . . ,GN . The subsystems could be linear or nonlinear, and
their input-output maps are given by yi(t) = Gi(ui(t)) for i ∈ N = {1, . . . , N}. The input
and output of each subsystem are scheduled in a multiplicative manner such that

ui(t) = Φu,i(t)u(t), (6.3a)

ȳi(t) = Φy,i(t)yi(t), (6.3b)

where Φu,i ∈ Rnu×nu and Φy,i ∈ Rny×ny are the scheduling matrices, ui, u ∈ Rnu , and
yi, y ∈ Rny , for all i ∈ N . The discrete-time gain-scheduled system’s input-output map can
be written in terms of the individual subsystems inputs, outputs, and scheduling matrices as

y(t) =
∑

i∈N

ȳi(t) =
∑

i∈N

Φy,i(t)yi(t) =
∑

i∈N

Φy,i(t)Gi(ui(t)) =
∑

i∈N

Φy,i(t)Gi

(
Φu,i(t)u(t)

)
. (6.4)
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Based on the QSR-dissipativity property in Definition 6.1, the input and output of each
subsystem must satisfy

⟨yi,Qiyi⟩T + 2 ⟨yi, Siui⟩T + ⟨ui,Riui⟩T ≥ Ṽi, ∀T ∈ Z>0, (6.5)

with Ṽi = Vi(x(T ))− Vi(x(0)), Q ∈ Sny , S ∈ Rny×nu , and R ∈ Snu for all i ∈ N and ui ∈ ℓ2e.
The objective is to design the scheduling matrices Φu,i(t) and Φy,i(t) for i ∈ N , such that

the gain-scheduling of the N QSR-dissipative subsystems results in an overall gain-scheduled
QSR-dissipative system. Furthermore, if all subsystems belong to the same special case of
QSR-dissipativity as defined in Definition 6.1, the resulting overall gain-scheduled system
must also belong to that same special case.

6.3.2 Scheduling Matrix Properties

Consider the set of scheduling matrices Φj,i(t) ∈ Rnj×nj for j ∈ {u, y} and i ∈ N . With abuse
of set notation, denote the time dependent set, Ij(t), as the index set of all the respective
full rank scheduling matrices at time t ∈ Z≥0. That is, for t ∈ Z≥0 and j ∈ {u, y},

Ij(t) =
{
i ∈ N | rank

(
Φj,i(t)

)
= nj

}
. (6.6)

Definition 6.2 (Active Scheduling Matrices). Given a discrete-time gain-scheduled system
of the type shown in Figure 6.1 with scheduling matrices Φj,i(t) ∈ Rnj×nj for j ∈ {u, y} and
i ∈ N , the scheduling matrices are said to be

• active if at all times, there exists at least one nonzero scheduling matrix, meaning
∀t ∈ Z≥0, ∃i ∈ N such that Φj,i(t) ̸= 0 and

• strongly active if at all times, there exists at least one full rank scheduling matrix,
meaning ∀t ∈ Z≥0, ∃i ∈ N such that rank

(
Φj,i(t)

)
= nj. Using set notation, this can

be written as ∀t ∈ Z≥0, Ij(t) ̸= ∅.
When considering the special cases of QSR-dissipativity in Section 6.5, the active and

strongly active cases of scheduling matrices are invoked to correctly quantify the overall
QSR-dissipativity of the discrete-time gain-scheduled system.

For the remainder of this chapter, it is assumed that the scheduling matrices are designed
such that

sup
t∈Z≥0

∥∥Φj,i(t)
∥∥
2
= sup

t∈Z≥0

σj,i(t) =
∥∥σj,i

∥∥
∞ < ∞, (6.7)

for all j ∈ {u, y} and i ∈ N , where σj,i(t) is the largest singular value of Φj,i(t). This
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can be thought of as an extension of the ℓ∞ space in Definition 2.6 for matrix functions
Φj,i : Z≥0 → Rnj×nj . Finally, for simplicity, the scheduling matrices are assumed to be
explicitly time-dependent, though a similar analysis can be used to account for dependence
on other signals or parameters.

6.3.3 Scheduling Matrix Construction

This subsection presents the construction of the scheduling matrices such that they satisfy
the following pseudo-commutativity condition.
Definition 6.3 (Pseudo-Commuting Scheduling Matrices). Consider a discrete-time gain-
scheduled system of type shown in Figure 6.1 with scheduling matrices Φu,i(t) ∈ Rnu×nu and
Φy,i(t) ∈ Rny×ny for i ∈ N . Given a series of matrices Si ∈ Rny×nu for i ∈ N , the scheduling
matrices are said to pseudo-commute with Si, if they satisfy

ΦT
y,i(t)Si = SiΦu,i(t), ∀t ∈ Z≥0, ∀i ∈ N . (6.8)

In Section 6.4, for each QSR-dissipative subsystem Gi satisfying (6.5) with Qi, Si, and Ri,
this pseudo-commutativity condition is invoked by assuming the corresponding scheduling
matrices of Gi pseudo-commute with Si. It will now be shown that the scheduling matrices
can be constructed to satisfy the pseudo-commutativity condition in (6.8) for any matrix
Si ∈ Rny×nu .

Consider an arbitrary matrix Si ∈ Rny×nu and the corresponding input scheduling matrix
Φu,i(t) ∈ Rnu×nu and output scheduling matrix Φy,i(t) ∈ Rny×ny . For the trivial case of Si = 0,
the n2

u+n2
y entries of the input and output scheduling matrices can be independently designed

to pseudo-commute with Si = 0. Now, consider an arbitrary nonzero matrix Si ∈ Rny×nu and
its singular value decomposition (SVD) given by

Si = Ui

[
Σ1,i 0

0 0

]
VT

i , (6.9)

where Ui ∈ Rny×ny , Σ1,i ∈ Sϱi , Vi ∈ Rnu×nu , and ϱi = rank(Si) ≥ 1. As shown in Lemma A.1
found in the Appendix, the scheduling matrices Φu,i(t) ∈ Rnu×nu and Φy,i(t) ∈ Rny×ny satisfy
the pseudo-commutativity condition in (6.8) if and only if there exists Z11,i(t), Z21,i(t), Z22,i(t),
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W21,i(t), and W22,i(t), with appropriate dimensions, such that

Φu,i(t) = Vi

[
Z11,i(t) 0
Z21,i(t) Z22,i(t)

]
VT

i , (6.10a)

Φy,i(t) = Ui

[
Σ−1

1,i ZT
11,i(t)Σ1,i 0

W21,i(t) W22,i(t)

]
UT

i . (6.10b)

Therefore, for any arbitrary matrix Si ∈ Rny×nu with ϱi = rank(Si) ≥ 1, the scheduling
matrices can be designed using the n2

u+n2
y+ϱ2i −ϱi(nu+ny) entries of the independent design

variables Z11,i(t), Z21,i(t), Z22,i(t), W21,i(t), and W22,i(t) to satisfy the pseudo-commutativity
condition in (6.8).

It is also useful to consider the implications of the pseudo-commutativity condition in
(6.8) for the special case of a square matrix Si ∈ Rn×n. If Si is square and full rank, the
scheduling matrices can be designed using the similarity transformation

Φu,i(t) = S−1
i ΦT

y,i(t)Si, ∀t ∈ Z≥0, ∀i ∈ N , (6.11)

where Φy,i(t) ∈ Rn×n are free design variables. Additionally, since similarity transformations
preserve eigenvalues, the input scheduling matrix can be made full rank by requiring the
output scheduling matrix to be full rank. For the case of Si = ci1 with ci ∈ R\{0}, the pseudo-
commutativity in (6.8) simplifies to Φu,i(t) = ΦT

y,i(t), which is exactly the scheduling-matrix
architecture presented in [3].

6.4 QSR-Dissipativity of the Matrix-Gain-Scheduled System

This section presents the QSR-dissipativity of the matrix-gain-scheduled system in Figure 6.1
for two cases.

Case 1: Subsystems being QSR-dissipative with Qi ∈ Sny

−−.
Case 2: Subsystems being QSR-dissipative with Qi ∈ Sny

− and Si = S ∈ Rny×nu .
Doing so extends the cases discussed in [21] while generalizing the scheduling approach by
allowing the scheduling signals to be scheduling matrices.

6.4.1 Subsystems being QSR-Dissipative with Qi ∈ Sny

−−

The following lemma establishes the QSR-dissipativity of the gain-scheduled subsystem Ḡi in
Figure 6.2.
Lemma 6.1. Consider the subsystem Gi in Figure 6.2 being QSR-dissipative with Qi ∈ Sny

−−,
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Gi Φu,iΦy,i
yi ui uȳi

Gain-Scheduled Subsystem Ḡi

Figure 6.2: Gain-scheduling of the ith subsystem, Gi. The input and output of Gi are
scheduled as per (6.3) via the matrix multiplication between the scheduling matrices Φu,i(t)
and Φy,i(t), and their corresponding signals u(t) and yi(t), respectively.

Si ∈ Rny×nu , and Ri ∈ Snu . The discrete-time gain-scheduled subsystem Ḡi is QSR-dissipative,
provided its corresponding scheduling matrices pseudo-commute with Si.

Proof. Refer to Appendix C.

The following theorem establishes the QSR-dissipativity of the gain-scheduled system, Ḡ,
in Figure 6.1 where each subsystem Gi is QSR-dissipative with Qi ∈ Sny

−−.
Theorem 6.1. Given that each subsystem Gi for i ∈ N is QSR-dissipative with Qi ∈ Sny

−−,
Si ∈ Rny×nu , and Ri ∈ Snu , the discrete-time gain-scheduled system Ḡ in Figure 6.1 is
QSR-dissipative, provided the scheduling matrices Φu,i(t) and Φy,i(t) pseudo-commute with
Si.

Proof. Refer to Appendix C.

6.4.2 Subsystems being QSR-Dissipative with Qi ∈ Sny

− and Si = S ∈ Rny×nu

The following lemma establishes the resulting Q for the gain-scheduled system.
Lemma 6.2. Given each subsystem Gi for i ∈ N is QSR-dissipative with Qi ∈ Sny

− , there
exists a Q = −ε1 with ε ∈ R≥0 such that the discrete-time gain-scheduled system Ḡ in
Figure 6.1 satisfies

∑
i∈N ⟨yi,Qiyi⟩T ≤ ⟨y,Qy⟩T , provided the output scheduling matrices are

active.

Proof. Refer to Appendix C.

By defining the index sets

R>0 = { i ∈ N | λmax(Ri) > 0 }, (6.12a)

R<0 = { i ∈ N | λmax(Ri) < 0 }, (6.12b)

R0 = { i ∈ N | λmax(Ri) = 0 }, (6.12c)

the following lemma establishes the resulting R for the gain-scheduled system.
Lemma 6.3. Given each subsystem Gi for i ∈ N is QSR-dissipative with Ri ∈ Snu , there
exists an R = δ1 with δ ∈ R such that the discrete-time gain-scheduled system, Ḡ, in
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Figure 6.1 satisfies
∑

i∈N ⟨ui,Riui⟩T ≤ ⟨u,Ru⟩T .

Proof. Refer to Appendix C.

Since Lemma 6.3 considers the most general case of subsystems being QSR-dissipative
with Ri ∈ Snu and imposes no further restriction on the eigenvalues of Ri, the sign of δ
in (C.36c) cannot be determined without additional information.
Corollary 6.1. Consider the discrete-time gain-scheduled system, Ḡ, in Figure 6.1 where
each subsystem Gi for i ∈ N is QSR-dissipative. Given the sets R>0, R<0, and R0 defined
in (6.12), the special cases of Lemma 6.3 are as follows:

1. δ ∈ R≥0 provided R>0 ̸= ∅ and R<0 = ∅.
1.1. δ ∈ R>0, provided further ∃t ∈ T and an i ∈ R>0 such that Φu,i(t) ̸= 0.

2. δ ∈ R≤0 provided R>0 = ∅ and R<0 ̸= ∅.
2.1. δ ∈ R<0, provided further R<0 ∩ Iu(t) ̸= ∅, ∀t ∈ T , meaning for i ∈ R<0, the

nonempty subset of input scheduling matrices, Φu,i(t), is strongly active.
3. δ = 0 provided R>0 = ∅ and R<0 = ∅.

Proof. The proof for each case follows from the definition of δ in (C.36c) and the sets R>0,
R<0, and R0 in (6.12). The strictly positive case follows from the fact that σ̄u ∈ R>0,
provided there exists a t ∈ Z≥0 and an i ∈ R>0 such that Φu,i(t) ̸= 0. The strictly negative
case follows from

ν̄u = inf
t∈Z≥0

∑

i∈R<0

ν2
u,i(t) = inf

t∈Z≥0

∑

i∈R<0∩Iu(t)

ν2
u,i(t) > 0,

provided that R<0 ∩ Iu(t) ̸= ∅ for all t ∈ Z≥0.

Theorem 6.2. Given each subsystem Gi for i ∈ N is QSR-dissipative with Qi ∈ Sny

− ,
Si = S ∈ Rny×nu , and Ri ∈ Snu , the discrete-time gain-scheduled system, Ḡ, in Figure 6.1
is QSR-dissipative, provided the output scheduling matrices are active, and the scheduling
matrices pseudo-commute with S.

Proof. Summing (6.5) over all N subsystems yields

∑

i∈N

Ṽi ≤
∑

i∈N

⟨yi,Qiyi⟩T + 2
∑

i∈N

⟨yi, Sui⟩T +
∑

i∈N

⟨ui,Riui⟩T . (6.13)

Consider the term
∑

i∈N ⟨yi, Sui⟩T . Given the scheduling matrices pseudo-commute with
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respect to S such that ΦT
y,i(t)S = SΦu,i(t), and using (6.3) and (6.4), it follows that

∑

i∈N

⟨yi, Sui⟩T =
∑

i∈N

〈
yi, SΦu,iu

〉
T
=
∑

i∈N

〈
yi,Φ

T
y,iSu

〉
T

=
∑

i∈N

〈
Φy,iyi, Su

〉
T
= ⟨y,Su⟩T . (6.14)

Consequently, using Lemmas 6.2 and 6.3 and substituting (6.14) into (6.13) yields

Ṽ =
∑

i∈N

Ṽi ≤ ⟨y,Qy⟩T + 2 ⟨y,Su⟩T + ⟨u,Ru⟩T ,

where Q = −ε1 and R = δ1, with ε and δ defined as per (C.31) and (C.36), respectively.
Therefore, the gain-scheduled system, Ḡ, is QSR-dissipative with Q ∈ Sny

− , S ∈ Rny×nu , and
R ∈ Snu .

6.5 Matrix-Scheduling of Special Cases of QSR-Dissipative Systems

In this section, the special cases of QSR-dissipativity, as defined in Definition 6.1, are discussed
for the gain-scheduled system Ḡ in Figure 6.1. For each case, to compare the discrete-time
matrix-scheduling results presented in Theorems 6.1 and 6.2 with the existing literature on
scalar scheduling signals, the special case of Φu,i(t) = si(t)1 and Φy,i(t) = si(t)1 for all i ∈ N
is considered and referred to as the base case.

Moreover, the matrix-scheduling architecture in [3] includes additional constant scaling
parameters, αi ∈ R>0, for each subsystem Gi. These scaling parameters are not considered in
this work to maintain focus on the proposed generalized matrix-gain-scheduling architecture.
However, they can easily be incorporated into the results presented in Theorems 6.1 and 6.2.
Therefore, when comparing the results of this work with [3], the scaling parameters are
assumed to be αi = 1 for all i ∈ N .

Finally, when discussing the results of [2–4, 17–22, 50], it is assumed that truncated
signals and truncated inner products are properly defined for t ∈ [0, T ], for all T ∈ R≥0.

6.5.1 Passive Subsystems

Consider the case where each subsystem Gi for i ∈ N is passive with Qi = 0, Si =
1
2
1, and

Ri = 0. Theorem 6.2 suggests Ḡ is QSR-dissipative with Q = 0, S = 1
2
1, and R = 0, and

therefore is passive, provided the scheduling matrices pseudo-commute with S. Therefore, the
gain-scheduling of passive subsystems using scheduling matrices results in an overall passive
gain-scheduled system. For the base case, this result is consistent with the results shown
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in [25, Theorem 8.2], which is again shown in [21, Theorem 2] and [22, Corollary 6.1.2].
Note, Theorem 6.2 further requires the output scheduling matrices to be active. However,

this condition can be relaxed for the passive case since Qi = 0, for all i ∈ N . As discussed
in Section 6.3.3, for this choice of S = 1

2
1, the pseudo-commutativity condition leads to

Φu,i(t) = ΦT
y,i(t), recovering the matrix-scheduling architecture presented in [3].

6.5.2 Input Strictly Passive Subsystems

Consider the case where each subsystem Gi for i ∈ N is ISP with Qi = 0, Si =
1
2
1, and

Ri = −δi1, where δi ∈ R>0. Theorem 6.2 suggests Ḡ is QSR-dissipative with

Q = 0, S =
1

2
1, R = −δ1,

where

δ = min
i∈N

(δi) inf
t∈Z≥0

∑

i∈N

ν2
u,i(t) ≥ 0, (6.15)

provided the scheduling matrices pseudo-commute with S = 1
2
1. Furthermore, if the scheduling

matrices are designed to be strongly active, Corollary 6.1 with R<0 = N suggests Ḡ is ISP
with

δ = δmin inf
t∈Z≥0

∑

i∈Iu(t)

ν2
u,i(t) > 0, (6.16)

where δmin = mini∈N δi. Note, as per the definition of Iu(t) in (6.6), si(t) = 0 for i ∈ N \Iu(t).
The ISP coefficient in (6.16) is the discrete-time analogous of the matrix scheduling result for
ISP subsystems presented in [3, Theorem 1]. For the base case, the ISP coefficient δ in (6.16)
simplifies to

δ = δmin inf
t∈Z≥0

∑

i∈Iu(t)

|si(t)|2, (6.17)

which is again, the discrete-time analogous of the results in [2, Theorem 1].
Contrary to [21], at any time, [2, Theorem 1] requires at least one scheduling signal to be

nonzero. This ensures that for all time t ∈ R≥0, there exists at least one i ∈ N such that
ui(t) and ȳi(t) are nonzero, provided that u(t) and yi(t) are nonzero. Here, the scheduling
matrices are required to pseudo-commute with S and be strongly active to ensure for all time
t ∈ Z≥0, there exists at least one i ∈ N such that Φu,i(t) = ΦT

y,i(t) is full rank. The existence
of a full rank scheduling matrix at each time ensures that there exists at least one i ∈ N
such that ui(t) and ȳi(t) are nonzero, provided that u(t) and yi(t) are nonzero, which can be
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thought of as direct extension of the aforementioned condition in [2, Theorem 1].

6.5.3 Output Strictly Passive Subsystems

Consider the case where each subsystem Gi for i ∈ N is OSP with Qi = −εi1, Si =
1
2
1, and

Ri = 0, where εi ∈ R>0. Theorem 6.1 suggests Ḡ is QSR-dissipative with

Q = −εmin1, S = εmin

∑

i∈N

σ̄2
y,i

2εi
1, R =


N

∑

i∈N

(
σ̄4
y,i

4εi

)
− εmin

(∑

i∈N

σ̄2
y,i

2εi

)2

1,

provided the scheduling matrices pseudo-commute with S = 1
2
1. Notice R ∈ Snu

+ as a
consequence of Lemma 2.3, since

N
∑

i∈N

σ̄4
y,i

4εi
= N

∑

i∈N

εi
σ̄4
y,i

4ε2i
≥
(∑

i∈N

√
εi
σ̄2
y,i

2εi

)2

≥
(
min
i∈N

(√
εi
)∑

i∈N

σ̄2
y,i

2εi

)2

= εmin

(∑

i∈N

σ̄2
y,i

2εi

)2

,

with R = 0 if and only if σ̄2
y,i/

√
εi = k, for some positive constant k ∈ R>0 and for all

i ∈ N . Therefore, Theorem 6.1 does not provide a tight bound on R for the OSP case.
Similarly, for the base case, [21, Theorem 1] also leads to R ∈ Snu

+ , with R = 0 if and
only if supt∈R≥0

|si(t)|2/εi = k, for some positive constant k ∈ R>0, for all i ∈ N . However,
Theorem 6.2 suggests Ḡ is QSR-dissipative with

Q = −ε1, S =
1

2
1, R = 0,

and therefore is OSP with
ε =

εmin

σ̄2
Ψ

> 0, (6.18)

provided the output scheduling matrices are active and the scheduling matrices pseudo-
commute with S = 1

2
1. Additionally, for the base case, the augmented matrix, Ψ(t), defined

in (C.28), can be written as

Ψ(t) =
[
s1(t) · · · sN(t)

]
⊗ 1 = sT(t)⊗ 1,

where ⊗ denotes the Kronecker product. Since the output scheduling matrices are assumed to
be active, then s(t) ̸= 0 for all t ∈ Z≥0. Therefore, the nonzero singular values of Ψ(t) are the
positive numbers

{
σ(s(t))σi(1) | i ∈ Ny

}
, where Ny =

{
1, 2, . . . , ny

}
[51, Theorem 4.2.15].
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Consequently,

σΨ(t) = max
i∈Ny

σ(s(t))σi(1) =
√∑

i∈N

|si(t)|2 > 0.

From (C.31), it follows that
σ̄2
Ψ = sup

t∈Z≥0

∑

i∈N

|si(t)|2 > 0. (6.19)

Similar to the ISP case, the OSP coefficient, ε, in (6.18) is the discrete-time analogous of
the results in [3, Theorem 2]. For the base case, (6.19) further expands on the relationship
between the scheduling signals and the OSP coefficient

ε =
εmin

supt∈Z≥0

∑
i∈N |si(t)|2

> 0. (6.20)

Using the Cauchy–Schwarz inequality, it can be shown that if a system is OSP with Q = −ε1,
it also possesses finite ℓ2 gain such that ε = 1/γ. Here, by defining εi = 1/γi with γi ∈ R>0,
(6.20) can be rewritten as ε = 1/γ, where

γ = max
i∈N

(γi) sup
t∈Z≥0

∑

i∈N

|si(t)|2 > 0. (6.21)

Therefore, the gain-scheduled system Ḡ possess finite ℓ2 gain with γ defined as per (6.21).

6.5.4 Subsystems Possessing Finite ℓ2 Gain

Consider the case where each subsystem Gi for i ∈ N has finite ℓ2 gain with Qi = −1, Si = 0,
and Ri = γ2

i 1, where γi ∈ R>0. Theorem 6.2 suggests Ḡ is QSR-dissipative with

Q = − 1

σ̄2
Ψ

1, S = 0, R = σ̄umax
i∈N

γ2
i 1, (6.22)

provided the output scheduling matrices are active. Since S = 0, the pseudo-commutativity
condition is trivially satisfied, effectively decoupling the input and output scheduling matrices.
To get a more familiar form, (6.22) can be scaled by σ̄2

Ψ > 0 to obtain

Q = −1, S = 0, R = σ̄2
Ψσ̄u max

i∈N
γ2
i 1. (6.23)

Considering the base case and Corollary 6.1 with R>0 = N , substituting (C.36a) and (6.19)
into (6.23) leads to

Q = −1, S = 0, R = γ21,
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where Ḡ possess finite ℓ2 gain with the exact same γ derived in (6.21), where the subsystems
were assumed to be OSP. Moreover, the gain in (6.21) is similar to that of [17, Theorem 5.2].
It is unclear which gain is more conservative since here, the maximum γi over all subsystems
is used, whereas in [17, Theorem 5.2], the γi terms remain in the summation. On the
other hand, (6.21) uses the supremum of sums of scheduling signals, si(t), whereas [17,
Theorem 5.2] uses sum of suprema of scheduling signals. Alternatively, Theorem 6.1 suggests
Ḡ is QSR-dissipative with Q = −1, S = 0, and

R =

(
N
∑

i∈N

γ2
i σ̄

2
y,iσ̄

2
u,i

)
1. (6.24)

Again, for the base case, (6.24) simplifies to

R =

(
N
∑

i∈N

γ2
i ∥si∥4∞

)
1, (6.25)

where ∥si∥∞ = supt∈Z≥0
|si(t)|. Furthermore, extending [21, Theorem 1] to the finite ℓ2 gain

case recovers (6.25). Using the inequality in Lemma 2.3, it can be shown that

N
∑

i∈N

γ2
i ∥si∥4∞ ≥

(∑

i∈N

γi∥si∥2∞

)2

,

meaning, [17, Theorem 5.2] is less conservative than Theorem 6.1 and [21, Theorem 1] for
the finite ℓ2 gain case.

6.5.5 Very Strictly Passive Subsystems

Consider the case where each subsystem Gi for i ∈ N is VSP with Qi = −εi1, Si =
1
2
1, and

Ri = −δi1, where εi, δi ∈ R>0. Theorem 6.2 suggests Ḡ is QSR-dissipative with

Q = −ε1, S =
1

2
1, R = −δ1,

with ε ∈ R>0 and δ ∈ R≥0 given by (6.18) and (6.15), respectively, provided the output
scheduling matrices are active and the scheduling matrices pseudo-commute with S = 1

2
1.

Furthermore, if the scheduling matrices are strongly active, Corollary 6.1 with R<0 = N
suggests Ḡ is VSP with δ ∈ R>0 given in (6.16). In [17], the authors combine the ISP and
finite L2 gain results to show that the gain-scheduled system is VSP, while in [3], the ISP and
OSP results are combined to achieve the same. Similar to the OSP case, Theorem 6.1 and [21,
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Theorem 1] can still be used to show the overall gain-scheduled system Ḡ is QSR-dissipative.
However, they cannot ensure Ḡ is VSP as they lead to δ ∈ R without the further guarantee
of δ > 0.

6.5.6 Conic Subsystems

Consider the case where each subsystem Gi for i ∈ N is conic with Qi = −1, Si = ci1,
and Ri = (r2i − c2i )1, where ci ∈ R and ri ∈ R>0, provided the scheduling matrices pseudo-
commute with Si. Theorem 6.1 suggests Ḡ is QSR-dissipative with

Q = −1, S = c1, R =
(
r2 − c2

)
1, (6.26)

where

c =
∑

i∈N

(
ciσ̄

2
y,i

)
, (6.27a)

r =

√
N
∑

i∈N

(
δi + σ̄4

y,ic
2
i

)
=

√
N
∑

i∈N

r̄2i , (6.27b)

are the conic center and radius, respectively, and r̄2i = δi + σ̄4
y,ic

2
i . Following the definition of

δi in (C.9),

r̄i =




σ̄y,i

√
σ̄2
u,i(r

2
i − c2i ) + σ̄2

y,ic
2
i , if ri > |ci|,

σ̄y,i

√
ν̄2
u,i(r

2
i − c2i ) + σ̄2

y,ic
2
i , if ri ≤ |ci|.

(6.28)

Additionally, the scheduling matrices pseudo-commute with Si = ci1, meaning ΦT
y,i(t)Si =

SiΦu,i(t), for all t ∈ Z≥0 and i ∈ N . It follows that

ΦT
y,i(t) = SiΦu,i(t)S

−1
i = Φu,i(t),

for all t ∈ Z≥0 and i ∈ N , such that ci ̸= 0. Therefore, the scheduling matrices corresponding
to the ith subsystem must share the same eigenvalues and singular values, provided ci ̸= 0.
Consequently, (6.28) can be simplified as

r̄i =





σ̄y,iσ̄u,iri, if ri > |ci| = 0,

σ̄2
i ri, if ri > |ci| ̸= 0,

σ̄i

√
ν̄2
i r

2
i + (σ̄2

i − ν̄2
i )c

2
i , if ri ≤ |ci|,

(6.29)
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where σ̄i = σ̄u,i = σ̄y,i and ν̄i = ν̄u,i = ν̄y,i for all i ∈ N such that ci ̸= 0. For the base case,
the conic center defined per (6.27a) simplifies to c =

∑
i∈N ci∥si∥2∞, matching the results

in [21, Theorem 1] and [22, Theorem 6.2.1]. Moreover, for the base case, r̄i in (6.29) simplifies
to the results in [21, Theorem 1] as

r̄i =




σ2
i ri, if ri > |ci|,

σi

√
ν2
i r

2
i + (σ2

i − ν2
i )c

2
i , if ri ≤ |ci|,

with σi = ∥si∥∞ < ∞ and νi = inft∈Z≥0
|si(t)| ≥ 0, for all i ∈ N . As discussed in [21], when

ri > |ci|, [22, Theorem 6.2.1] provides a less conservative bound on the conic radius of the
gain-scheduled system compared to Theorem 6.1. This is again as a direct result of the
special case of Cauchy–Schwarz inequality used in the proof of Theorem 6.1. Alternatively,
since νi ≤ σi for all i ∈ N , Theorem 6.1 provides a tighter bound on the conic radius of the
gain-scheduled system when ri ≤ |ci| compared to [22, Theorem 6.2.1].

6.6 Applications of Gain-Scheduling of First-Order Optimization

Algorithms

In Chapter 4 and Chapter 5, it was shown that by performing a loop transformation, the first-
order optimization algorithms can be interpreted as passive controllers in negative feedback
with a modified gradient. In Section 6.5.1, it was shown that the gain-scheduling of passive
subsystems results in an overall passive gain-scheduled system. By combining these two
results, this section proposes a control interpretation of first-order optimization algorithms
with varying hyperparameters as gain-scheduled systems. Moreover, a new variation of the
GD algorithm is proposed, where both the input and output of the gradient are scaled.
Finally, the gain-scheduling of passive first-order optimization algorithms is discussed, where
the scheduling signals can switch between different first-order optimization algorithms, such
as GD, HB, NAG, and TM methods.

6.6.1 Gradient Descent with Varying Step Size as a Gain-Scheduled System

This subsection provides a gain-scheduling interpretation of the GD algorithm with varying
step size using the gain-scheduling architecture presented in Section 6.3.

Given f ∈ S0,L with 0 < L, consider the linear parameter-varying (LPV) GD controller
with state-space realization

ξk+1 = ξk + αkuk, yk = ξk, (6.30)
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Figure 6.3: LPV GD controller as a gain-scheduled system composed of N parallel GD
controllers with fixed step sizes αi. The input and output of each controller is scaled by
the Kronecker delta scheduling function δki , which is defined as δki = 1 if i = k and δki = 0
otherwise.

where αk ∈
(
0, 2

L

)
for k ∈ T = {1, 2, . . . , N} and 0 < N . Construct N GD controllers, Gi,

with fixed step sizes αi, such that αk =
∑

i∈T δki αi, for all k ∈ T , where

δki =




1, i = k,

0, i ̸= k.
(6.31)

The LPV GD controller in (6.30) can then be represented using the gain-scheduled GD
controller GGD in Figure 6.3, for k ∈ T .

Now, consider gain-scheduling N modified GD controllers Ḡi, where the loop transforma-
tion is applied to each controller Gi in Figure 6.3 as shown in Figure 6.4. To retain the same
closed-loop behavior of Figure 6.3, the feedback term Dk1 is introduced, where

Dk =
∑

i∈T

(
δki
)2
Di =

∑

i∈T

δki Di (6.32)

Moreover, r̄k2 = rk2 −∑i∈T δki rk1 = rk2 − rk1, since
∑

i∈T δki = 1 for all k ∈ T . Following
Lemma 4.1, each modified GD controller Ḡi is passive if and only if

0 <
αi

2
≤ Di. (6.33)

As such, following Section 6.5.1, Theorem 6.2 ensures that the overall gain-scheduled modified
GD controller ḠGS is passive, provided (6.33) holds for all i ∈ T . Moreover, for f ∈ S0,L with
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Figure 6.4: Loop transformation of the gain-scheduled GD controller in Figure 6.3. The
loop transformation introduces the feedthrough terms Di1, resulting in the modified GD
controllers Ḡi. Moreover, the feedback term Dk1 is introduced, resulting in the modified
nonlinearity ∆̄.

0 < L, Lemma 4.5 ensures that the modified nonlinearity ∆̄ is OSP, provided

max
k∈T

Dk = max
i∈T

Di <
1

L
. (6.34)

Combining (6.33) and (6.34), for Di = αi/2, it follows that if

max
i∈T

αi <
2

L
, (6.35)

then ḠGS is passive and ∆̄ is OSP. Consequently, from Theorem 3.1-(ii), it follows that if
r1 = 0 and r̄2 = r2 ∈ ℓ2, then y2 ∈ ℓ2, and therefore, ∇f(xk) → 0. As such, the proposed
passivity-based analysis in thesis can also be used to guarantee the convergence of GD
algorithm with varying step sizes, as long as the step sizes are bounded by maxi∈T αi <

2
L
.
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(a) Gain-scheduling a modified GD controller Ḡ with step size α = 1. The scheduling function sk is used to
scale the input and output of Ḡ such that ūk

1 = skuk
1 and yk

1 = skȳk1 .
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(b) Gain-scheduling a GD controller G with step size α = 1. The scheduling function sk is used to scale the
input and output of G. A feedthrough term D̄1 = (sk)2D1 is added such that yk1 = D̄uk

1 + skyk.

Figure 6.5: Two gain-scheduling architectures resulting in the same gain-scheduled modified
GD controller ḠGS.

6.6.2 A New Variation of the Gradient Descent Algorithm

In Section 6.6.1, to present a gain-scheduling interpretation of the LPV GD controller, the
Kronecker delta scheduling function δki was used to scale the input of the N parallel GD
controllers. This subsection proposes a new variation of the GD algorithm, where both the
input and output of a single GD controller are scaled by an arbitrary scheduling function sk.

Consider the modified GD controller Ḡ in Figure 6.5a, with a fixed step size α = 1. As
per Lemma 4.1, Ḡ is passive if and only if D ≥ 1/2. This controller is gain-scheduled as per
Figure 6.2 using some general scheduling function sk ∈ R \ 0, for k ∈ T = {0, 1, . . . , T − 1},
with T ∈ Z>0. Again, following Section 6.5.1, the gain-scheduling of a passive discrete-time
system as per Figure 6.5a results in a gain-scheduled passive system. As shown in Figure 6.5b,
ḠGS with minimal realization

(
Ā, B̄, C̄, D̄

)
= (1, sk1, sk1, (sk)2D1), can also be constructed by

adding a feedthrough term D̄1 =
(
sk
)2
D1 to the gain-scheduled GD controller. It follows that

ḠGS is passive if and only if D̄ ≥
(
sk
)2
/2. Moreover, the negative feedback interconnection of

ḠGS and ∆̄, as per Figure 4.4 can then be used to represent a variation on the GD algorithm
with the update rule

xk+1 = xk − sk∇f(skxk), (6.36)

where the scheduling function sk ∈ R \ 0 can be used to represent time varying step sizes.
Note, unlike the standard GD algorithm, where only the output of the gradient is scaled, in
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Figure 6.6: Comparison of number of iterations needed to achieve |∇f(xk)| < 10−12 for the
GD method and the gain-scheduled GD method with different step sizes and scheduling
functions using 105 uniformly sampled initial conditions for x0 ∈ [−105, 105].

(6.36), both the input and output of the gradient are scaled by sk.
Remark 6.1. For a constant sk = s, using the change of variable x̄k = sxk, the update rule
in (6.36) can be written as x̄k+1 = x̄k − s2∇f(x̄k), recovering the original GD algorithm with
step size α = s2.

For f ∈ Sm,L, ∆̄ is VSP as per Lemma 4.3, or ISP as per Lemma 4.4, provided D̄ < 1/L or
D̄ = 1/L, respectively. Consequently, using the lower bound D̄ ≥

(
sk
)2
/2, a similar analysis

as Theorem 4.2 shows that for m < L, provided maxk∈T |sk| ∈ (0,
√

2/L], then yk
1 ∈ ℓ2, and

therefore, xk −D∇f(xk) → x∗. As discussed in Section 4.4.1, this does not guarantee that
∇f(xk) → 0, but rather the auxiliary quantity xk −D∇f(xk) converges to the unique global
minimizer x∗ of f . However, for maxk∈T |sk| ∈ (0,

√
2/L), Theorem 4.2-(i) guarantees that

∇f(xk) → 0 as k → ∞.
To compare the performance of the proposed gain-scheduled GD method in (6.36) with

the standard GD method, consider the unconstrained optimization problem

min
x inR

f(x) =
L−m

4

(
L+m

L−m
x2 + 2 sin(x)− 2x cos(x)

)
, (6.37)

for m = 1 and L = 100. As discussed in Example 4.1, the function f is non-convex but has a
sector-bounded gradient and a unique global minimizer at x∗ = 0.
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Table 6.1: Corresponding Mean, Median, and Mode of Figure 6.6

Parameter Mean Median Mode
α = 2/(m+ L) 28.36 27 23

s =
√

2/(m+ L) 25.68 25 20
α = 2/L 32.12 31 27

s =
√

2/L 29.50 28 23
αk

btk 23.38 23 23
skbtk 24.08 23 21

To solve the unconstrained optimization problem in (6.37) involving the function f , the
GD method in (4.10) and the proposed gain-scheduled GD method in (6.36) are implemented
for various choices of step sizes and scheduling functions. Three choices of steps sizes are
considered for the GD method. The first choice is a fixed step size of α = 2/L, being the largest
possible step size to guarantee input-output stability for m < L, as per Theorem 4.2-(ii).
The second choice is the optimal fixed step size of α = 2/(m + L) [12]. Finally, a varying
step size, αk

btk, is considered by implementing a line search algorithm based on Armijo’s
condition [52]. Similarly, for the gain-scheduled GD method in (6.36), two choices of constant
scheduling functions, s =

√
2/L and s =

√
2/(m+ L), are considered. Additionally, a

varying scheduling function, skbtk, is considered by implementing a line search algorithm based
on Armijo’s condition with the added condition that maxk∈T |sk| ∈ (0,

√
2/L]. A Monte Carlo

simulation is conducted with 105 uniformly sampled initial conditions x0 ∈ [−105, 105] to
compare the number of iterations needed to achieve |∇f(xk)| < 10−12 for the GD method
and the gain-scheduled GD method.

As shown in Figure 6.6 and Table 6.1, for the constant step size and constant scheduling
function cases, the distribution of the gain-scheduled GD method has smaller mean, median,
and mode values, compared to the standard GD method. For the varying step size and varying
scheduling function case, the standard GD method has a lower mean, but a higher mode,
compared to the gain-scheduled GD method. The lower mode indicates better performance in
terms of fewer iterations. Finally, for both methods, Table 6.1 also confirms that time-varying
step sizes and scheduling functions can lead to improved performance.

6.6.3 Gain-Scheduling Passive First-Order Optimization Algorithms

In Section 6.6.1 and Section 6.6.2, the gain-scheduling of the GD algorithm was discussed.
This subsection considers the gain-scheduling a mix of first-order optimization algorithms,
such as GD, HB, NAG, and TM methods.

Consider the gain-scheduling architecture in Figure 6.7, where N passive first-order
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Figure 6.7: Gain-scheduling of passive first-order optimization algorithms. Each controller
Gi, for i ∈ N = {1, 2, . . . , N}, can represent a different modified first-order optimization
algorithm containing a feedthrough term Di1. The scheduling functions ski are used to
scale the input and output of each controller. The feedback term Dk1 =

∑
i∈N
(
ski
)2
Di1

is introduced to compensate for the added feedthrough terms, resulting in the modified
nonlinearity ∆̄.

optimization algorithms, Ḡi, are gain-scheduled using scheduling functions ski for k ∈ T =

{0, 1, . . . , T − 1}. Each controller Gi can represent a different modified first-order optimization
algorithm with a minimal realization (Ai,Bi,Ci, Di1), where Di is the added feedthrough
term to render the controller passive. Similar to Section 6.6.1, the feedback term Dk1 =∑

i∈N
(
ski
)2
Di1 is introduced to compensate for the added feedthrough terms, and r̄k2 =

rk2−
∑

i∈N
(
ski
)2rk1. For f ∈ S0,L with 0 < L, Lemma 4.5 ensures that the modified nonlinearity

∆̄ is OSP, provided

sup
k∈T

Dk = sup
k∈T

∑

i∈N

(
ski
)2
Di <

1

L
. (6.38)

As such, provided the gain-scheduled controller ḠGS is passive, ∆̄ is OSP, r1 = 0, and
r̄2 = r2 ∈ ℓ2, then Theorem 3.1-(ii) ensures that ∇f(xk) → 0.

In practice, given an objective function f ∈ S0,L with 0 < L, the following steps can be
used to gain-schedule first-order optimization algorithms with global convergence guarantees:

1. Construct passive first-order optimization controllers: Using the lower bounds
provided in Table 5.2, construct passive modified first-order optimization controllers Ḡi

for each i ∈ N .
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2. Select scheduling functions: Design the scheduling functions ski for each i ∈ N such
that (6.38) holds.

3. Gain-schedule the controllers: Gain-schedule the modified first-order optimization
controllers Ḡi using the scheduling functions ski as per Figure 6.7. It follows that the
resulting gain-scheduled controller ḠGS is passive and ∆̄ is OSP. Theorem 3.1-(ii) then
guarantees that ∇f(xk) → 0 as k → ∞, for all x0 ∈ Rn.

6.7 Closing Remarks

This chapter presented the discrete-time version of the matrix-scheduling of QSR-dissipative
systems considered in [4]. The proposed gain-scheduling architecture was shown to result in an
overall discrete-time QSR-dissipative gain-scheduled system, provided the scheduling matrices
are bounded and possess certain pseudo-commutative properties. A detailed discussion
was provided regarding the design and construction of scheduling matrices that satisfy the
introduced pseudo-commutative property. Furthermore, the gain-scheduling of a broader
class of QSR-dissipative systems was considered than that found in prior work. For the
various passive cases of QSR-dissipativity, the conditions on the scheduling matrices reduced
to the same conditions on the scheduling signals reported in [2, 17], while for the conic case,
the results of [21] were recovered when the scheduling matrices were chosen to be a scalar
times the identity matrix.

Additionally, leveraging the passivity-based analysis of first-order optimization algorithms
presented in Part 1, this chapter presented a control interpretation of first-order optimization
algorithms with varying hyperparameters as gain-scheduled systems. Moreover, a new
variation of the GD algorithm was proposed, where both the input and output of the gradient
are scaled. Finally, the gain-scheduling of passive first-order optimization algorithms was
discussed, where provided the scheduling functions satisfy a certain upper bound, the global
convergence of the gain-scheduled algorithm is guaranteed for f ∈ S0,L with 0 < L.
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Chapter 7

Closing Remarks and Future Work

This thesis presents a control-theoretic framework for analyzing and designing first-order
optimization algorithms using a passivity-based gain-scheduling approach. Part 1 develops a
passivity-based analysis that guarantees the input-output stability and global convergence of
first-order optimization algorithms with fixed hyperparameters for a class of functions with
sector-bounded gradients and a unique global minimizer. Part 2 generalizes existing gain-
scheduling architectures by introducing scheduling matrices and formulating their discrete-time
counterparts. By combining the results from Part 1 and Part 2, a control interpretation of
first-order optimization algorithms with varying hyperparameters as gain-scheduled systems
is obtained. Despite these contributions, several avenues for further research remain.

A key shortcoming of the passivity-based analysis in Part 1 is that it does not provide
convergence rate guarantees. Instead, Chapter 4–5 give sufficient conditions, in the form of
upper bounds on the hyperparameters, that ensure the input-output stability and global
convergence of the GD, HB, NAG, and TM methods. Future work could leverage the analytic
expressions for the eigenvalues of the storage function matrices in Chapter 4–5 to derive
explicit convergence rate bounds. Moreover, since QSR-dissipativity is a generalization of
passivity, another promising direction is to investigate stability and convergence of first-order
optimization algorithms within the QSR-dissipativity framework.

In Part 2, it is shown that the matrix-scheduling of passive subsystems results in an
overall passive system. Despite this general result, the applications of gain-scheduling
first-order optimization algorithms are limited to the case of scalar scheduling functions.
Future work could explore the use of matrix-scheduling functions to gain-schedule first-order
optimization algorithms with multiple hyperparameters. Moreover, in the case of gain-
scheduling optimization algorithms, such as GD, HB, NAG, and TM, the optimal choice of
scheduling functions is perhaps even more ambiguous than the choice of each algorithm’s
respective hyperparameters.
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Appendix A

Pseudo-Commuting Matrices

Lemma A.1 ([4, Lemma 4]). Consider a real nonzero matrix S ∈ Rm×n such that S ̸= 0.
The arbitrary matrices A ∈ Rm×m and B ∈ Rn×n satisfy AS = SB if and only if

A = U

[
Σ1B̄11Σ

−1
1 Ā12

0 Ā22

]
UT, B = V

[
B̄11 0
B̄21 B̄22

]
VT,

where U ∈ Rm×m, Σ1 ∈ Sϱ, and V ∈ Rn×n are given by the SVD of S such that

S = U

[
Σ1 0
0 0

]
VT,

with ϱ = rank(S) ≥ 1, and Ā12, Ā22, B̄11, B̄21, and B̄22 are arbitrary real matrices of appropriate
dimensions.

Proof. Assume A ∈ Rm×m and B ∈ Rn×n satisfy AS = SB. Using the SVD of S, it follows
that

AU

[
Σ1 0
0 0

]
VT = U

[
Σ1 0
0 0

]
VTB. (A.1)

Since U and V are orthogonal matrices, left and right multiplying (A.1) by UT and V,
respectively, yields

UTAU

[
Σ1 0
0 0

]
=

[
Σ1 0
0 0

]
VTBV. (A.2)

Define

UTAU =

[
Ā11 Ā12

Ā21 Ā22

]
, VTBV =

[
B̄11 B̄12

B̄21 B̄22

]
. (A.3)
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Substituting (A.3) into (A.2) results in

[
Ā11Σ1 0
Ā21Σ1 0

]
=

[
Σ1B̄11 Σ1B̄12

0 0

]
. (A.4)

Equating similar terms in (A.4) yields Ā11Σ1 = Σ1B̄11, Ā21Σ1 = 0, and Σ1B̄12 = 0. Since Σ1

is full rank, it follows that

Ā11 = Σ1B̄11Σ
−1
1 , Ā21 = 0, B̄12 = 0. (A.5)

Substituting (A.5) into (A.3) and rearranging recovers the desired result.
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Appendix B

Eigenvalues of Kronecker Products

Consider an LTI system with the minimal state-space realization

G0
min∼
[

A0 B0

C0 D0

]
,

with A0,B0,C0,D0 being matrices of appropriate dimensions. Assume ∃P0 = PT
0 ≻ 0 such

that

M0 =

[
AT

0 P0A0 − P0 AT
0 P0B0 − CT

0(
AT

0 P0B0 − CT
0

)T BT
0 P0B0 −

(
D0 + DT

0

)
]
⪯ 0. (B.1)

Then, as per Lemma 3.1, G0 is positive real. Now, consider the LTI system with the minimal
state-space realization

G min∼
[

A0 ⊗ 1 B0 ⊗ 1
C0 ⊗ 1 D0 ⊗ 1

]
.

As per [51, Theorem 4.2.15], M = M0 ⊗ 1 ⪯ 0 and P = P0 ⊗ 1 ≻ 0. As such, if G0 is positive
real, then G is also positive real.
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Appendix C

Proofs of Matrix-Scheduling of QSR-Dissipative Systems

Theorems

Proof of Lemma 6.1. Applying the Rayleigh inequality to the QSR-dissipativity property in
(6.5) yields

Ṽi ≤ λmax(Qi)∥yi∥22T + 2 ⟨yi, Siui⟩T + λmax(Ri)∥ui∥22T , (C.1)

where λmax(Qi) ∈ R<0 and λmax(Ri) ∈ R since Qi ∈ Sny

−− and Ri ∈ Sny , respectively.
Moreover, based on the pseudo-commutativity condition in Definition 6.3, it follows that
ΦT

y,i(t)Si = SiΦu,i(t) for all t ∈ Z≥0. Consider the term ⟨yi, Siui⟩T in (C.1). Using the relation
in (6.3), it follows that

⟨yi, Siui⟩T =
〈
yi, SiΦu,iu

〉
T
=
〈
yi,Φ

T
y,iSiu

〉
T
=
〈
Φy,iyi, Siu

〉
T
= ⟨ȳi, Siu⟩T . (C.2)

Additionally, define σy,i(t) as the largest singular value of Φy,i(t). From (6.3b), it follows that

∥ȳi∥22T =
∥∥Φy,iyi

∥∥2
2T

≤
∑

t∈T

σ2
y,i(t)∥yi(t)∥22 ≤ σ̄2

y,i∥yi∥22T , (C.3)

where
σ̄y,i = sup

t∈Z≥0

σy,i(t). (C.4)

Furthermore, σ̄y,i ∈ R>0, provided there exists a t ∈ Z≥0 such that Φy,i(t) ̸= 0. This condition
is satisfied by design, since if this subsystem is being included in the parallel interconnection, it
means at some point in time, its output must be nonzero, and therefore, its output scheduling
matrix cannot be zero for all time. Additionally, σ̄y,i < ∞, since as per (6.7), the scheduling
matrices are assumed to be bounded. Consequently, rearranging (C.3) yields

1

σ̄2
y,i

∥ȳi∥22T ≤ ∥yi∥22T . (C.5)

70



Since λmax(Qi) ∈ R<0, substituting (C.2) and (C.5) into (C.1) leads to

Ṽi ≤
λmax(Qi)

σ̄2
y,i

∥ȳi∥22T + 2 ⟨ȳi, Siu⟩T + λmax(Ri)∥ui∥22T . (C.6)

Given that σ̄2
y,i ∈ R>0, (C.6) can be written as

σ̄2
y,iṼi ≤ −εi∥ȳi∥22T + 2σ̄2

y,i ⟨ȳi, Siu⟩T + λmax(Ri)σ̄
2
y,i∥ui∥22T , (C.7)

where
εi = |λmax(Qi)| = −λmax(Qi) > 0. (C.8)

Since other than symmetry, there are no restrictions on Ri, the sign of its maximum eigenvalue
is unknown. Denoting σu,i(t) and νu,i(t) as the largest and smallest singular values of Φu,i(t),
respectively, define

δi =




λmax(Ri)σ̄

2
y,iσ̄

2
u,i, if λmax(Ri) > 0,

λmax(Ri)σ̄
2
y,iν̄

2
u,i, if λmax(Ri) ≤ 0,

(C.9)

where

σ̄u,i = sup
t∈Z≥0

σu,i(t), ν̄u,i = inf
t∈Z≥0

νu,i(t). (C.10)

If Si is full rank and nu ≤ ny, the pseudo-commutativity property suggests σ̄u,i ∈ R>0, since
σ̄y,i ∈ R>0. If Si is rank deficient or ny < nu, it is possible to have σ̄u,i ∈ R≥0, since the
output scheduling matrices can be designed with Φu,i(t) = 0 for all t ∈ Z≥0. Additionally,
ν̄u,i ∈ R≥0, since the scheduling matrix Φu,i(t) may not be full rank at all times. Consider
the term λmax(Ri)σ̄

2
y,i∥ui∥22T in (C.7). Using (6.3a) and the definition of δi in (C.9), it follows

that

λmax(Ri)σ̄
2
y,i∥ui∥22T = λmax(Ri)σ̄

2
y,i

∥∥Φu,iu
∥∥2
2T

≤ δi∥u∥22T . (C.11)

Substituting (C.11) into (C.7) yields

V̂i ≤ −εi∥ȳi∥22T + 2σ̄2
y,i ⟨ȳi, Siu⟩T + δi∥u∥22T (C.12)

=
〈
ȳi, Q̄iȳi

〉
T
+ 2

〈
ȳi, S̄iu

〉
T
+
〈
u, R̄iu

〉
T
,
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where V̂i = σ̄2
y,iṼi, and

Q̄i = −εi1, S̄i = σ̄2
y,iSi, R̄i = δi1. (C.13)

Consequently, the gain-scheduled subsystem Ḡi is QSR-dissipative with Q̄i ∈ Sny

−−, S̄i ∈
Rny×nu , and R̄i ∈ Snu as defined in (C.13).

Proof of Theorem 6.1. Following Lemma 6.1, each scheduled subsystem Ḡi is QSR-dissipative
with Q̄i ∈ Sny

−−, S̄i ∈ Rny×nu , and R̄i ∈ Snu defined in (C.13). Furthermore, σ̄y,i, εi, and δi are
given by (C.4), (C.8), and (C.9), respectively. Adding and subtracting σ̄4

y,i/εi∥Siu∥22T from
(C.12) and factoring leads to

V̂i ≤ −εi

∥∥∥∥ȳi −
σ̄2
y,i

εi
Siu
∥∥∥∥
2

2T

+ δi∥u∥22T +
σ̄4
y,i

εi
∥Siu∥22T . (C.14)

To simplify further analysis, let

ỹi(t) = ȳi(t)−
σ̄2
y,i

εi
Siu(t), (C.15)

for i ∈ N and denote σSi
as the largest singular value of Si. Substituting (C.15) into (C.14)

and using the Rayleigh inequality results in

V̂i ≤ −εi∥ỹi∥22T +

(
δi +

σ̄4
y,iσ

2
Si

εi

)
∥u∥22T . (C.16)

Summing (C.16) over all i ∈ N , it follows that

∑

i∈N

V̂i ≤ −
∑

i∈N

εi∥ỹi∥22T +
∑

i∈N

(
δi +

σ̄4
y,iσ

2
Si

εi

)
∥u∥22T

≤ −εmin

∑

i∈N

∥ỹi∥22T + δ̄∥u∥22T , (C.17)

where

εmin = min
i∈N

εi > 0, δ̄ =
∑

i∈N

(
δi +

σ̄4
y,iσ

2
Si

εi

)
. (C.18)
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Rewriting the summation in (C.17) as a vector norm yields

∑

i∈N

V̂i ≤ −εmin

∥∥∥∥∥∥∥∥




∥ỹ1∥2T
...

∥ỹN∥2T




∥∥∥∥∥∥∥∥

2

2

+ δ̄∥u∥22T . (C.19)

Applying the inequality in Lemma 2.3, which is a special case of the Cauchy–Schwartz
inequality, to (C.19) results in

∑

i∈N

V̂i ≤ −εmin

N

〈



1
...
1


 ,




∥ỹ1∥2T
...

∥ỹN∥2T




〉2

+ δ̄∥u∥22T

= −εmin

N

(∑

i∈N

∥ỹi∥2T

)2

+ δ̄∥u∥22T . (C.20)

Multiplying both sides of (C.20) by N and applying the triangle inequality yields

N
∑

i∈N

V̂i ≤ −εmin

∥∥∥∥∥
∑

i∈N

ỹi

∥∥∥∥∥

2

2T

+Nδ̄∥u∥22T . (C.21)

Substituting back (C.15) into (C.21) and defining Ṽ = N
∑

i∈N V̂i results in

Ṽ ≤ −εmin

∥∥∥∥∥
∑

i∈N

(
ȳi −

σ̄2
y,i

εi
Siu
)∥∥∥∥∥

2

2T

+Nδ̄∥u∥22T . (C.22)

Defining S̄ =
∑

i∈N
(
σ̄2
y,i/εi

)
Si and using (6.4), it follows from (C.22) that

Ṽ ≤ −εmin

∥∥y − S̄u
∥∥2
2T

+Nδ̄∥u∥22T
= −εmin

(
∥y∥22T − 2

〈
y, S̄u

〉
T
+
∥∥S̄u

∥∥2
2T

)
+Nδ̄∥u∥22T . (C.23)

Applying the Rayleigh inequality to (C.23) and defining νS̄ as the smallest singular value of
S̄, it follows that

Ṽ ≤ −εmin∥y∥22T + 2εmin

〈
y, S̄u

〉
T
+
(
Nδ̄ − εminν

2
S̄

)
∥u∥22T

= −εmin∥y∥22T + 2εmin

〈
y, S̄u

〉
T
+ δ̂∥u∥22T , (C.24)
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where δ̂ = Nδ̄ − εminν
2
S̄ . Alternatively, (C.24) can be written as

Ṽ ≤ ⟨y,Qy⟩T + 2 ⟨y,Su⟩T + ⟨u,Ru⟩T ,

where

Q = −εmin1, S = εminS̄, R = δ̂1. (C.25)

Additionally, (C.25) can be written in terms of σ̄y,i, εi, and δi, given by (C.4), (C.8), and
(C.9), respectively, as follows:

Q = −min
i∈N

(εi)1, (C.26a)

S = min
i∈N

(εi)
∑

i∈N

σ̄2
y,i

εi
Si, (C.26b)

R =

(
N
∑

i∈N

(
δi +

σ̄4
y,iσ

2
Si

εi

)
−min

i∈N
(εi)ν

2
S̄

)
1, (C.26c)

where σSi
is the largest singular value of Si and νS̄ is the smallest singular value of S̄ =∑

i∈N
(
σ̄2
y,i/εi

)
Si. Therefore, the gain-scheduled system Ḡ is QSR-dissipative with Q ∈ Sny

−−,
S ∈ Rny×nu , and R ∈ Snu as defined in (C.26).

Proof of Lemma 6.2. Using the Rayleigh inequality, it follows that

∑

i∈N

⟨yi,Qiyi⟩T ≤ −
∑

i∈N

εi∥yi∥22T ≤ −εmin

∑

i∈N

∥yi∥22T , (C.27)

where εi = −λmax(Qi) ≥ 0 and εmin = mini∈N εi ≥ 0. Additionally, the summation in (6.4)
can be rewritten as the matrix-vector multiplication y(t) = Ψ(t)υ(t), where

Ψ(t) =
[
Φy,1(t) · · · Φy,N(t)

]
, υ(t) =




y1(t)
...

yN(t)


 . (C.28)

Consequently, by defining σΨ(t) as the largest singular value of Ψ(t) and applying the
Rayleigh inequality to ∥Ψ(t)υ(t)∥22, it follows that

∥y(t)∥22 = ∥Ψ(t)υ(t)∥22 ≤ σ2
Ψ(t)∥υ(t)∥22. (C.29)

Moreover, σΨ(t) ∈ R>0, provided the output scheduling matrices are active, that is, ∀t ∈ Z≥0,
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∃i ∈ N such that Φy,i(t) ̸= 0, and therefore, ΨT(t)Ψ(t) ∈ SN×ny

+ is nonzero. Additionally,

σ2
Ψ(t) ≤ tr

(
ΨT(t)Ψ(t)

)
=
∑

i∈N

tr
(
ΦT

y,i(t)Φy,i(t)
)
≤ ny

∑

i∈N

λmax

(
ΦT

y,i(t)Φy,i(t)
)
= ny

∑

i∈N

σ2
y,i(t).

Therefore, supt∈Z≥0
σ2
Ψ(t) < ∞ since the output scheduling matrices are assumed to be

bounded as per (6.7). Consequently, rearranging (C.29) yields

1

σ2
Ψ(t)

∥y(t)∥22 ≤ ∥υ(t)∥22 =
∑

i∈N

∥yi(t)∥22. (C.30)

Since λmax(Qi) ∈ R≤0, substituting (C.30) into (C.27), it follows that

∑

i∈N

⟨yi,Qiyi⟩T ≤ −εmin

∑

t∈T

1

σ2
Ψ(t)

∥y(t)∥22 ≤ −εmin

σ̄2
Ψ

∑

t∈T

∥y(t)∥22 = −ε∥y∥22T = ⟨y,Qy⟩T ,

where

σ̄Ψ = sup
t∈Z≥0

σΨ(t) > 0, ε =
εmin

σ̄2
Ψ

≥ 0, (C.31)

and Q = −ε1 ∈ Sny

− .

Proof of Lemma 6.3. Using the Rayleigh inequality, it follows that

∑

i∈N

⟨ui,Riui⟩T ≤
∑

i∈N

λmax(Ri)∥ui∥22T . (C.32)

Given the index sets (6.12), it follows that

∑

i∈N

λmax(Ri) =
∑

i∈R>0

λmax(Ri) +
∑

i∈R<0

λmax(Ri). (C.33)

Expanding (C.32) using (C.33) results in

∑

i∈N

⟨ui,Riui⟩T ≤
∑

i∈R>0

λmax(Ri)∥ui∥22T +
∑

i∈R<0

λmax(Ri)∥ui∥22T . (C.34)

Substituting the relation in (6.3a) into (C.34), it follows that

∑

i∈N

⟨ui,Riui⟩T ≤ δmax

∑

i∈R>0

∥∥Φu,iu
∥∥2
2T

− δmin

∑

i∈R<0

∥∥Φu,iu
∥∥2
2T
, (C.35)
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where

δi = |λmax(Ri)|, δmax = max
i∈R>0

δi, δmin = min
i∈R<0

δi.

Expanding (C.35) and using the Rayleigh inequality yields

∑

i∈N

⟨ui,Riui⟩T ≤ δmax

∑

i∈R>0

∑

t∈T

σ2
u,i(t)∥u(t)∥22 − δmin

∑

i∈R<0

∑

t∈T

ν2
u,i(t)∥u(t)∥22

≤ δmaxσ̄u

∑

t∈T

∥u(t)∥22 − δminν̄u
∑

t∈T

∥u(t)∥22 = δ∥u∥22T = ⟨u,Ru⟩T ,

where

σ̄u = sup
t∈Z≥0

∑

i∈R>0

σ2
u,i(t) ≥ 0, (C.36a)

ν̄u = inf
t∈Z≥0

∑

i∈R<0

ν2
u,i(t) ≥ 0, (C.36b)

δ = δmaxσ̄u − δminν̄u, (C.36c)

and R = δ1.
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